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Dynamics of turbulent helium II,
limits of the Vinen model

T. LIPNTACKI (WARSZAWA)

THE DYNAMICS of superfluid helium is considered within the framework of the Vinen
model. According to Vinen equation, counterflow (the relative velocity of the two
helium components) gives rise to quantum turbulence. The mutual friction force, ex-
erted on the vortex tangle by the normal component, couples it with the superfluid
component. The system of 3 ordinary equations is numerically solved to calculate
the characteristic entrainment time in which the counterflow ceases. For the typical
velocities of order 1cm/s, the entrainment time is found to be much smaller than
the vorticity diffusion time for the length scale of 1cm. It suggests that in the typ-
ical spin-up experiments the quantum turbulence plays a key role coupling the two
components. Unfortunately the Vinen model applied to spin-up turned out to be in-
consistent; the vortex line density calculated from the superfluid component vorticity
was found to be much larger than that predicted by the Vinen equation.

1. Introduction

THE LANDAU’S two-fluid theory [1] has proved to be indispensable for under-
standing of the peculiar flow properties of “He below the A-point. In the two-fluid
theory He II (superfluid *He) is a sum of the Bose condensate (superfluid com-
ponent) and the gas of thermal excitation (normal component). Densities of su-

perfluid and normal components p;, o, respectively, are temperature-dependent
and satisfy

(1.1) 0= 0n+0s,

where p denotes the total mass density of the liquid.

The theory was later improved by ONSAGER [2] and FEYNMAN [3] who
found that Landau’s assumption of rotationless flow of the superfluid compo-
nent was violated on one-dimensional singularities called now quantum vortices.
The circulation of the superfluid velocity about these lines remains constant,
k = h/myge = 9.97-10~% cm? /s, where h is Planck’s constant, and mjg, is the
mass of helium atom. The interaction between the vortices and the elementary
excitation couples the normal and superfluid components. Within the limits of
that de facto three-fluid theory, two main models were proposed:

1) the VINEN model [4] which describes helium in the state of a superfluid
turbulence, when the quantum vortices form an irregular tangle, and

2) the Hall- Vinen - Bekarevich - Khalatnikov [5] (HVBK) model concerning
the case when moving vortices form a regular pattern of parallel orientation
(superfluid laminar flow).
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When the magnitude of relative velocity V,,s = |V, — V| gets sufficiently large,
superfluid laminar flow develops into superfluid turbulent flow. It significantly
restricts the usage of the HVBK model.

The easiest way of generating a sizable V,; is to seal one end of the channel
and place a heater there. The normal fluid produced by the heater flows out of the
channel with an average velocity V,, proportional to the heat input to the channel.
The normal fluid moving away from the heater is replaced by a superfluid flowing
in the opposite direction, the superfluid velocity V; being determined by the
condition of zero mass transport sV + onV,, = 0.

Because there is a variety of observations on superfluid turbulence caused by
heat flows in a counterflow channel, the Vinen model has been usually connected
with the problems of the heat transport. In fact not only the heat transfer may
cause the counterflow.

For example the viscous forces in a rotating cylinder or a moving channel may
give rise to the difference in the components velocities. The calculations show
that even the relative velocity of order 1 cm/s may cause the quantum turbulence
strong enough to influence the dynamics of the two components.

To study this problem in more detail, we recall basic facts of the Vinen model
according to the approach developed by SCHWARZ [6, 7]. We use the modified
vortex-line-length density L.,

(1.2) Lm = (I = eri)L,

where L is the total line-length density (i.e. the length of vortices per unit of vol-
ume). (| —cp1;) is a coefficient describing vortex tangle anisotropy and is equal
to 2/3 for isotropic tangle. The modified density was introduced by Schwarz as
a quantity which can be directly measured in thermal-counterflow experiments.

The time evolution of the modified vortex-line-length density is governed by
Vinen-type equation

dLm

(13) ot

s
= alim (VauZY? - =12,
CLm
where I}, cLm are temperature-dependent dimensionless coefficients, « is the
friction coefficient, and 3 is defined by

K c

where & is the quantum of circulation, ¢ is a constant of order one, < s" >
is the average curvature of the vortices in the tangle and ag ~ 1.3-1078 cm is
the effective core radius of a quantized vortex. Although 3 has the logarithmic
dependence on the tangle density since < s” > increases as the tangle density in-
creases, it can usually be treated as a constant. For the typical tangle densities we
can replace everywhere (3 by k. The values of the dimensionless parameters used
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in that paper, based on numerical simulations by SCHWARZ [6] (from GEURST
and BEELEN [8]), are presented in the Table 1. The thermal excitation (phonons
and rotons) exerts the force on the quantized vortices of a vortex tangle, what
gives rise to the friction force between the two components. The density of that

force is Fi;

(1.5)

Fos = 0560 Ly Vi .

Table 1. Values of dimensionless parameters [8] and kinematic viscosity v, [cm?/s].

Temp. 1.07 1.26 1.62 2.01 2.15

on/0 0.013 0.039 0.174 0.576 0.886

a 0.010 0.030 0.100 0.300 1.00
Ij—ctli | 0.70 0.72 0.71 0.77 0.85

Lim 0.51 0.52 0.54 0.52 0.39

CLm 0.031 0.062 0.11 0.19 0.26

c1 0.061 0.12 0.20 0.36 0.67

Vn 15-107% | 3.0-10~% | 51-10~* | 1.8-10~* | 1.7.10*

In incompressible approximation divV,, = divV; = 0, the dynamical equa-
tions are [9]

av,
On ( " + anvn) -+ vpn = VnAQVn — Fas,

(1.6) B;V
o ( ¢ +stvs) + Vi = Fos,
ot
where
On Os

and p, v,, p are pressure, kinematic viscosity of the normal component and
chemical potential, correspondingly.
We illustrate the applications of Vinen model solving 3 simple problems.

2. Thermal-counterflow

The switched on heater power gives rise to a counterflow of the prescribed
velocity Vs (the inertia forces are neglected). According to Eq. (1.3), the coun-
terflow makes the vortex line-length density to start growing from the initial
value Lo to the asymptotic one Ly

2
CL
(2.1) Kip = (—Kﬁ) Vi,
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Then at the given time, the heater power is switched off (V5 = 0) and the vortex
line-length density sharply decreases. The solution L (t) to equation (1.3) is
shown in the Fig. 1. The characteristic tangle production time Tpr0q in which the
vortex line-density reaches half of its asymptotic value is

Lg/2
dl 2
(2.2) Torod = E ot R
Lo ali, (Vnng.{z - _ern) aIlmVnsLo
CLm
12.0f
=
3
- 8.0+
2
T
~
4.0
0.0 n L L L n .
0.0 4.0 8.0 12.0
Time [s]

Fic. 1. Rise and decrease of vortex tangle density. At the time ¢ = 0 heater power is
switched on causing the thermal-counterflow of value 1cm/s, then at the time t = 8s
heater power is switched off and the vortex line-length density sharply decreases.
Temp. = 1.62° K.

The tangle production time is inversely proportional to the root of the initial
vortex line-density, which can be small if the helium was left in peace for a
long time, but even after very long time some remnant vortices are present. The
minimum line-density observed value was 10cm~2, while the typical value for
the superfluid turbulence is 10* ~ 107 [em™2.

3. Entrainment Problem (1)

Here we restrict ourselves to the case in which the component velocities and
the line-length density are only time-dependent. Let us assume that in the ini-
tial state the normal component is moving with the uniform velocity Vj, while
the superfluid component remains at rest. The initial line-length density Lg is
assumed to be small when compared to the asymptotic value Ly for the steady
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counterflow V,,; = V. The system is described by the set of 3 ordinary equations

dv, '__gsfsaLm(V.,, — Vi)

dt On ’
dv,
(3.1) dts = kaLp(V, — V5),
dL K
— = ol (|Vn —V,|L32 - aL?,,.).
To rewrite the equations in the dimensionless form we introduce new variables
Va Vs Ly
32 = —, - — l = —,
(3.2) Un Vo Us ' Ts
where Ly is the asymptotic value for the steady counterflow Vi, = Vj given
in Eq. (2.1).
Then we have
% _ __3__ H(vn — vg)o0s
dt Ths On '
dvg 1
; —_ = L -
(3 3) dt T, m(n vs)a
dl

dt

where Ty, T} are the characteristic times defined as follows:

= %13/2 (I'Un — U] — 11/2) )

(3.4) Tz = na_lcifnvo_z,
' T = fca"lcg,lnvn'zfgm.
T; is the characteristic time scale of line density changes (when the density is of
order L¢) and should not be confused with Tproq which is the time scale for the
line-length density growth from a small initial value.

Introducing the new time 7 = t/7; we obtain

dv, l(v, — vs)0s
T = —— ]
T On
dv
(3.5) d—': = crl(vn — vy),
dl
A 72 (jo, — - 27,
where
T m
(3.6) cy = il . BB

Ty Tim

is the dimensionless temperature-dependent parameter.
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The problem can be further reduced to the set of two equations

dvp,

d = Clups,

o :
at 32 _g1/2
o = P (Jonsl = 172),

with v, = v, — vy and C = ¢/(gp + 05)/0n. Multiplying Eq. (3.7); by v,s one
can see that vZ, is not growing, so v,s may not change the sign. It is enough to
consider the case v,s > 0 since the case v, < 0 is identical. The points (I = 0,
vns — arbitrary) are invariant points to the set of Eq.(3.7). Although the case
! = 0 is unphysical since some remnant vortices are always present, it may be still
interesting to see if the manifold [ = 0 is stable. Since dl/dr > 0 for 0 < | < v2,
all the points (I = 0, v,s > 0) are unstable. The point (I = 0, v,, = 0) is stable,
moreover all trajectories starting from points (I # 0) tend to it. To prove the
last fact it is enough to solve the following equations resulting from Eq. (3.7)

(3.8) 4 =x (L - ll/z),

dvng Uns

with K = 1/C. Its solution is

K (v,,)1-K/2) .
(39) = (”Uns)K (% 4~ C() .

Now from Eq.(3.7); we see that for positive [, v, tends to zero, and from
Eq. (3.9) that [ tends to zero with v, tending to zero. The last solution can be
put into Eq. (3.7); and then the equation is integrated.

The solutions to Egs. (3.5) for 3 various temperatures and Vj = lcm/s, Ly =
100 cm~2 are presented in Figs.2—4. One can see that due to the initial relative
velocity, the vortex line-length density grows up. Then the friction force (F;)
makes the relative velocity decrease and may not sustain the vortex tangle, so the
vortex line density decreases. The characteristic time Tey in which the relative
velocity Vs is reduced e times from its initial value to Vp/e, decreases with
increasing temperature. It is also worth to notice that since

(3.10) Tns ~ V52, Ty~ Vg2,
hence

(3.11) Tie ~ Vg =
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F1G. 2. Numerical solutions for the entrainment problem equations with the initial
values Vo = lem/s, Lo = 100cm ™2, Temp. = 1.26° K.
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F1G. 3. Numerical solutions for the entrainment problem equations with the initial
values Vo = 1cm/s, Ly = 100cm™2. Temp. = 1.62° K.
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F1G. 4. Numerical solutions for the entrainment problem equations with the initial
values V = 1em/s, Ly = 100cm™2. Temp. = 2.01° K.

4. Entrainment problem (2)

Another interesting problem arises when the normal component velocity Vj is
fixed in time (for example by strong viscous forces). Then the problem reduces
to the set of two equations

dv,
= = ¢7l(1 — vy),
dr
(4.1) i
132 (11— | /2
== (|1 vs| — 1 )

Putting v, = 1—v; we get the same equations as (3.7) but with C = ¢;. Now,
for the same temperature the entrainment time (7";,;) is longer. The difference
between fIf’:m and Tey is especially great for low temperatures when o; > on.
The solution to Egs. (4.1) is given in Fig. 5, while Table 2 presents times Teny and
Tent, and gives values of Ly for the thermal-counterflow problem.
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F1G. 5. Numerical solutions for the entrainment problem (2) equations with the initial
values Vy = 1em/s, Ly = 100cm ™2, Temp = 1.62° K.

When considering the hydrodynamics of superfluid helium it is important to

compare the entrainment times Tey and Ten, with the characteristic vorticity
diffusion time scale

2
_fu
- )

Un

(4.2) Ty

where v, = 1,/ 0p, is the viscosity of the normal component and Ry is the charac-
teristic length. In Table 2 the entrainment and the diffusion characteristic time
scales are compared for various temperatures. When the characteristic relative
velocity Vs = 1 cm/s and the characteristic size of a helium container Ry = 1 cm,
the diffusion time is much longer than the entrainment time, especially in a higher
temperature. Whereas in very low temperatures, when the normal component is
less abundant but more viscous, the two time scales are comparable.

For higher velocities and larger containers the Ty/Ten ratio is even greater.
It means that in the larger scale motions, helium II will behave almost like a
classical fluid with the overall viscosity v = n,/p. In the finer scale however,
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Table 2. Characteristic times [s] (Tr',:n’t and 7,,; — numerical results

for Lo = 100 cm~?) and the asymptotic line density [cm~2].

All values are given for Vj, V,,; = lem/s, w = 1/s, Ry = 1 cm,

while appropriate scaling is given in last column.

Temp. 1.07 1.26 1.62 2.01 2.15 scaling
;0 115 8.0 4.3 1.60 0.63 s 2
T 310 35 6.3 1.70 0.63 ~ V2
7 6.4 1.04 0.17 0.034 0010 | ~V-2
T 104 8.8 0.84 0.092 0.015 | ~V-2
; - 39 12.8 3.7 1.28 0.51 o~ P2
s 67 330 1960 5550 5880 ~ R?
T 5150 8540 11260 9640 6640 ~ R?

q 0.64 37.8 530 4340 11530 | ~ R%w?
Ly 95102 | 3.7-10% | 1.2-10* | 3.6-10* | 6.8-10 | ~ V2

when the diffusion time is shorter and the smaller velocity may not sustain the
quantum turbulence, the two components may move separately.

To see the problem in more detail we analyse the spin-up process focusing on
the intermediate scale V ~ 1cm/s, R ~ lcm. In the finer scale the Vinen (and
any other continuum model) cannot be applied, just because few vortices are
expected, and the spacing between the vortices is comparable with the length
scale.

5. Analysis of the spin-up in an infinitely long cylinder

We consider here the problem of a spin-up in an infinitely long circular cylin-
der being impulsively subjected to spinning about its axis of rotation. The case
of a finite cylinder is much more complicated because usually the spin-up pro-
cess is dominated by a secondary flow which transports the vorticity from the
boundaries to the center of the cylinder. The secondary flow arises because the
fluid at the cylinder ends rotates with the velocity of the wall, and therefore is
subject to centrifugal forces which drive it outwards.

In an infinitely long cylinder, the velocity is purely azimuthal and the spin-up
of a classical fluid is described by linear equation

ov v 8 (Vv
&) % = 57+ ()

r

where v is the kinematic viscosity.



DYNAMICS OF TURBULENT HELIUM II 625

In our case of two fluids, the component velocities V,,(r,t), Vi(r,t) and line
length-density L,,(r,t) satisfy the set of 3 differential equations

% = v, AV, — st‘iaLm(Vn - Vs) ’
dt On
(5.2) d;/; = kaLy,(V, — V),
dL K
>=m Im ~¥ 3/2 W pD )
—" — al, ([Vn WIES ~ =k )
where
v, 8 (V,
(5.3) AV, = o2 = ar (7);

and v, = 7n/on is the kinematic viscosity of the normal component. Let us
assume that at time ¢ = 0 the cylinder of radius Ry starts to spin about its axis
of symmetry with the constant angular velocity w. The corresponding initial and
boundary conditions are

Va(r,0) =0, Vi(Rp,t) =w for r< Ry, t>0,
(5.4) Vilr,0) =0 for r <Ry,
Ln(r,0) =Ly for r<Ryp.

Again, to rewrite the equations in the dimensionless form we introduce the
new variables

[‘n [’s m
: = -2 s ] == Lm
(5.5) Un - Vg 2 ; ;

where Vy = wRy and Ly is the asymptotic value for the steady counterflow
Vas = Vo

_ (em)? 2
(5.6) L= - (wRp)*.
Then we have
d'Un_ . 1 l(vﬂ - vs)gs
F TR
dvg 1
5.7 — = —(vy — vg),
( ) dt Tns ( n S)
dl

_ L 12
E——T—‘ll (Ivn—'us|—l ),

where T,s, 1; are the characteristic times defined as earlier (3.4). Now, let
f = T‘/ RU.
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Introducing the new time variable 7 = t/Ty4, where

(5.8) Ty = B

dvy, (v — vs)0s
dT - AE‘U"_ q on )
dv
(5.9) Ejri = ql(vn — ),
dl q
> - 13/2 (I” vs| — 11/2),
where
9?2 a
(5.10) 9 ot \¢
g = 3 _ ac%ngwz
Ths KVp ’
and
T; CLm
5-11 = — = —
( ) . Tna Ilm

is defined as before.

We should notice that while ¢; depends on temperature only, parameter g
depends on the “experimental conditions” i.e. on the angular velocity and the
radius of the cylinder.

When ¢ > 1 i.e. when there is a strong coupling between the components,
the fluid behaves like a classical one satisfying Eq. (5.1) with the overall viscosity
v = n,/o. The velocity profile for the classical fluid with the viscosity equal
to the overall helium viscosity at 7' = 1.62° K are reproduced as a reference in
Fig. 6.

The numerical solutions to the set of Egs.(5.9) obtained for Ry = 1cm,
w = 1/s for 3 various temperatures are presented in Figs. 7-10.

Figures 7-9a, b show the velocity profiles of the normal and superfluid com-
ponents for various temperatures. The line-length density profiles are given in
Fig. 10. Figures 7—-9c show the scaled angular momentum m,, m, of the two
components as a function of time.

(5.12) Yy =
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F1G. 6. Evolution of velocity profiles. Classical fluid with viscosity equal to overall

viscosity of helium II at 1.62° K.

where the index f means the assymptotic value. Figures 7—9d compare the time
evolutions of the total angular momentum for the superfluid and the classical
fluid having the same overall viscosity. One can see that for higher temperatures,
the total angular momentum of the fluid grows almost as fast as in the classical

case.

Table 3. Values of spin-up time Ty, for helium II and
for classical fluid T;;;n with the same overall viscosity.
T, and T are spin-up times for normal and superfluid
components, respectively.

Temp. 1.26 1.62 2.01
Thpin 450s 590s 510s
oo 820s 830 480's
T 840 910s 7205
T 3405 5105 8805

Let us define the spin-up time as a time in which the angular momentum of
the fluid reaches 2/3 of its final value. Table 3 compares the spin-up time of the
two component fluid with the spin-up time of the classical fluid with the same
overall viscosity. The spin-up times of normal and superfluid components are

also given for better reference.
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6. Conclusions

The presented mechanism of the spin-up process, based on the Vinen model,
can be summed up as follows. When the cylinder starts moving, it drags the
normal viscous component of helium II. Then according to Vinen equation (1.3),
relative velocity of the two components gives rise to quantum turbulence. The
mutual friction force caused by the turbulence couples the components, and
the superfluid starts spinning. After a sufficiently long time both components
will rotate as a rigid body (with the same velocities) and the turbulent vortex
line-length density will decrease (according to Vinen equation) to zero. This
cannot be of course satisfied, because the spinning superfluid component has to
contain vortices. Their minimum length density L) (in the case when they are
parallel) is

| €

(6.1) Ly=~—.
K

In the considered case the final value of L is 2000/ cm?. Moreover one can see
in Fig. 10 that the turbulent line-length density is much smaller than the “parallel
vortex” line-length density calculated from superfluid velocity profiles. On the
one hand, the large density of parallel vortices is due to the fact that mutual
friction force makes the superfluid velocity profiles very steep. On the other hand,
the Vinen equation (1.3) does not explain how such number of vortices may arise.

It can be clearly seen now that the Vinen model (in the present shape) cannot
describe the turbulent flow which arises in the spinning cylinder. However, the
first 3 examples show that the spin-up process is dominated by quickly arising
turbulence. It points that the more accurate model should be rather based on
the Vinen model than on the HVBH one (the analysis of spin-up in the HBVK
model may be found in [10]).

The modified model should be related to the following facts:

1. The parallel vortices cannot decay unless the net superfluid vorticity change.
Hence the second term in Vinen Equation has to be modified. The production
of turbulent vortices due to the counterflow (first term in Vinen Equation) may
be also influenced be an array of parallel vortices.

2. When the superfluid is dragged by normal component and starts spinning,
the “turbulent vortices” have to change into locally parallel vortices. This means
the negative source of turbulent vortices.

3. The Magnus force acting on the vortex tangle with a net vorticity makes
that the vortex tangle moves across the counterflow; in the considered case inward
the cylinder.

Pinning is the other important fenomena which may significantly influence the

spin-up process. Quantum vortices pinned to the vessel boundaries may transfer
the angular momentum directly from the cylinder to the superfluid component



DYNAMICS OF TURBULENT HELIUM II 633

(see [11]). This may be especially important in low temperatures when the normal
component is less abundant.

Coming back to the entrainment and spin-up problem, we recall that the en-
trainment time scale Ty ~ Vo_z, where Vj is characteristic counterflow velocity.
This means that in experiments with larger velocities, the dynamics of helium II
should be closer to the dynamics of classical fluid with the same overall viscosity.
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