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Transport properties of finite and infinite composite materials
and Rayleigh’s sum

V. MITYUSHEV (SLUPSK)

THE TRANSPORT properties of a regular array of cylinders embedded in a homogeneous matrix
material have been studied by the following method. Let us bound a part of the infinite material
by a closed curve . Knowing the transport properties of this finite amount of material, we can
evaluate the transport properties of the infinite material when ~ tends to infinity. This method
allows us to justify the method of Lord RAYLEIGH [1] for rectangular arrays of cylinders. Moreover,
it is shown that in order to improve the Clausius—Mossotti approximation for a rectangular array,
it is necessary to evaluate Rayleigh's sum.

1. Introduction

A REGULAR array of cylinders is embedded in a homogeneous matrix material.
The transport properties of this composite material can be studied by two ap-
proaches. The first approach is based on studying a boundary value problem in
a cell representing a regular structure. A highly developed theory is used in this
approach, from general investigations of homogenization to computation of the
effective conductivity of the special composite materials. Results of this study are
due to Lord RAYLEIGH [1], BERGMAN and DuNN [22] Koropziges [9], MANTEUFEL
and TopREAS [10], MCPHEDRAN ef al. [4 - 7], MITYUSHEV (8, 11, 23], PERRINS ef al.
[2], PoLaDIAN ef al. [3], SANGANI and ACRivos [21] and many others. The previous
results concern mainly isotropic homogenized materials: the square and hexag-
onal arrays of cylinders. Exceptions are [1, 11, 23], where general anisotropic
homogenized materials are considered by analytical methods. Using the method
of collocations, Koropzies [9] computed also the effective conductivity in a fixed
direction for the special arrays including anisotropic regular structures.

The present paper presents the direct approach which is based on the following
idea. Let us bound a part of the infinite material body by a closed curve v
(Fig. 1). Suppose that we can study the transport properties of this finite composite
material bounded by . Let the curve v tend to infinity. We set up the hypothesis
that the limit transport properties coincide with the transport properties of regular
infinite material bodies. Anyway, it follows from the theory of homogenization.
Therefore evaluating the limits, we can get the values in question for the infinite
material.

We shall investigate the limit properties in the simplest case of circular cylin-
ders packed in a rectangular array. However, following [23] it is easy to transfer
the results to arbitrary arrays of parallelograms. The sides of the rectangle will be
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F1G. 1. Infinite rectangular array of circular cylinders and finite material bounded by 7.

denoted by o and f3, and the radius of the cylinders by r. Assume that # = a1,
hence the area of the rectangle is equal to 1. We shall also assume that the state
of the media is described by the two-dimensional Laplace equation. If the vol-
ume fraction of the cylinders is very small, then the effective conductivity can be
evaluated by the Clausius - Mossotti formula (see Sec. 4, formula (4.5)). In order
to improve this formula for the rectangular array of cylinders, Lord RAYLEIGH [1]
introduced the absolutely divergent sum

1
B33 Z (mia + 1myp3)?’

where m; and m; run over all integers except m; = my = 0 (i> = —1). The
sum .5, is conditionally convergent. Its value is dependent upon the shape of the
exterior boundary of the pairs (7, m;) which tends to infinity. The sum 53 can

be expressed by the integral
S=[[Ldza
= [[ e
R

where z = z + 1y. Lord RAYLEIGH [1] proposed to calculate S; by summation
over a “needle-shaped” region, infinitely more extended along the r-axis than
along the y-axis (Fig. 2). In this case

(1.1) 55 = Sile®) = 207: (Z sin~2(imra~?) + 1)

m=1

Let us note that S;(1) = 7. Applying the theory of generalized functions MiTyu-
SHEV [8] obtained the same result: S5(1) = 7. Since the sum 5, is conditionally
convergent, we can get any value for .5; changing the shape of the exterior bound-
ary. Using the effects of polarization, MCPHEDRAN et al. [7], PERRINS et al. [2]
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ty

FiG. 2. Rayleigh’s method of summation:
+h +h

s i : d:cdy dedy
Sp = hango sll‘n(::a—/ (/ f) G ® zy)z It is assumed that ]/ PR =0.

—h —h

proposed an explanation of this strange fact. In the present paper this fact has
been explained completely.

At the beginning we consider two problems corresponding to infinite and
finite material bodies separately. Then we shall compare the limiting effective
conductivity of finite body and the effective conductivity of infinite body.

Let us assume the following independent variables. We shall write z = x + 1y
if we consider a point inside the domain, and ¢t = x +:y if we consider a boundary
point. Throughout the paper z and ¢ are complex, = and y are real numbers.

2. Finite material body

Let (& be a simply connected domain in the complex plane C := {z = z + 1y}
with the Lyapunov boundary . Let us introduce the points ay, a3, ...,a, € GNE
in the complex plane C, where £ := {mja + imya~!, m; and m; are integers}.
Consider mutually disjoint circles Dy := {z € <C, |z —ax| <r} (k=1,2,...,n)

contained within the domain (&. Suppose that U Dy and D := G\ U=y Dy are
=1

occupied by two isotropic materials with conductlvmes A1 and A, respectively. In
order to determine the transport properties of (7, we find the potentials u(z, y),
uy(z,y), u(z,y), ..., un(z,y) which are harmonic in the respective domains D,
Dy, Dy, ..., D,, continuously differentiable in the closures of these domains with
the boundary conditions

_ Bu _ Huk
u = Uk, /\a—n o )\1%
(2.1) on 9D := {t eC, [t—akl = r}, k=1,2,...,n,

u=f on 7,
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where d/0n is a normal derivative, f is a given continuous function. We shall
study the transport properties in the z-direction. Hence, we may take f(t) =
Ret = z. It is convenient to make the change

M+ A
U(z,y) := 12)\ ur(z,y), R S . W

Then the problem (2.1) takes the form

d au
22) u=(Q1-poU, 8_:: =1+ g)n(_—%’i on 0Dy, u=f on 7,

where g := (A; — A)/(A; + A).

General theory of the problem (2.2) is based on integral equations constructed
by GakHov [13], MikHAILOV [14]. The problem (2.2) has been solved in an analytic
form by MityusHev [15, 16].

Let us consider certain auxiliary problems. The Dirichlet problem V = f on
0D for the function V(z,y) harmonic in the domain D has the unique solution

V(z) = Viz,y) = /fg—ids =:Sf(z,y) = 8f(z), z=z+iyeD,
aD

where g is Green’s function of the domain D. The operator S : f — V transforms
a continuously differentiable function into a function harmonic in ) and continu-
ously differentiable in D if 9D is a smooth curve. Let us consider the domain
Dy :i={z€C, |z—ai >r} (k=1,2,..,n). We shall use the operators
Sk corresponding to D and the operator S, corresponding to G. If V(z) is
harmonic in Dy, then

SV (z) = V(zp), zeD;, k=12,..,n,

where points z} := r?/(z = ax) + a), and z are symmetric with respect to the
circumference |t — ax| = r. Let us consider the next auxiliary boundary value
problem

oU, as..U,
(2.3) 3—1;’ + a"’n 2

=h on 7,

for the function Uy(z) harmonic in C\G and vanishing at infinity.

Lemma (MiTyusHev [18]). Let h be a function continuously differentiable
on 7. Then the boundary value problem (2.3) has a unique solution continuously
differentiable in C\~.
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If the function u(z,y) from (2.2) is known, then using the above lemma,
introduce the function Uy(z) with h = du/dn — dz/0n. Let us consider the
function

U(2)+ 0 > Un(z}) + SyUp(2) -z, |z—ar| <7, k=1,2,..,n,
b
®(z) = 1Uo(2) + 0 Z Un(zt), zeC\G,
m 1
u()+QZUm(z )+ S,Up(2) - ze D,
m=1

harmonic in C\dD. Using the boundary conditions (2.2) and (2.3), calculate the
jumps of @ on JD; and ~

QF(t) - &~ (1) = u(®) + oUx(t) — Ur(t) = 0, tedDy, k=12,..,n,
() - P () = u®) + S, Up(t) =2 - Up(t) =0 on 7.

Here @*(t) := lim s @(z), @~ (t) := lim o &@(z). Along the same lines
z€ €Dy

oo™ 0d- du d 0Ux

T - o S0 = 5o + o5 (U(tD) - ZEO)
() (t) (1+g)a[k(t)=0, tedD., k=1,2,..,n,
since 5 oU
5 (Uk(tD)) = 5 5(t) on OD;.
Taking into account (2.3), we calculate
oot do- du 65 [0 oz 0Ug
S-S = 5 ) - 5 W) - 5~ 5 =0 on .

The function &(z) is harmonic in C\GD and ¢+ = @, 8¢+ /On = 0P~ [dn
on dD. According to the theorem of harmonic (analytic) continuation and Liou-
ville’s theorem we conclude that #(z) = ¢ = const. From the definition of @(z)
we obtain the formulae

Uk(z) = —p E Un(zr) - SUp(2)+z+¢c, |z—apl<r, k=1,2,..,n,

myk

Uo(z) = =0 Y Un(z}) +¢, z€ C\G.
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From the last equality we determine S, Uy(z) and substitute it in the previous
equalities. As a result, we have the following system of functional equations

24)  Ui2) = -2 | Y [Unl(zn) - S5Untr)(2)| + oS Ur(ti)(2) + =,
s
|z —ak| <1, k=1,2,..,n,

for Ux(2) (k = 1,2,...,n). Each harmonic function in a simply connected do-
main is the real part of an analytic function, which is uniquely determined with
accuracy to an additive imaginary constant. Hence there exists such a function
¢x(2) analytic in |z — ax| < r that Re ¢x(z) = Ui(z). Let us introduce the oper-
ator 17" which transforms a function ¢,,(z) analytic in G in the following way.
At the beginning calculate Re ¢,,,(1;,) = U,,(t},) on ~. Further on, by applying
S., we obtain a harmonic function which is the real part of the analytic function
T ¢m(2). Actually in the last step we used the Schwarz operator of (7 studied
by MIKHLIN [17]. We do not determine a pure imaginary constant in 77" ¢,.(2)
because it does not affect the final result. So the system (2.4) is reduced to the
following system of functional equations

b(z) = —0 Y [Bm(em) — T 6m(2)] + oTE(2) + 2,
ik
lz—ar| <7, k=1,2,..,n.
Let us differentiate this system and obtain

n r 2
25) %M=QZ[( ) T + V(@)

e + oV di(2) + 1,

m=1
myk

|z —ap|<r, k=1,2,..,n,
where V¢! (z) := (1" $)'(2). The operator V™ is correctly defined because
MIXHLIN [17] has proved that 77" is an integral operator.

THEOREM 1 (MITYUSHEV [15, 16, 18, 23]). The system of functional equations
(2.5) for the functions ¢.(z) analytic in |z — ai| < r and continuous in |z —ag| < r
(k = 1,2,...,n) has a unique solution. That solution can be found by the method
of successive approximations converging uniformly in |z —ag| <r (k = 1,2,...,n).

This theorem has the following important consequence.

THEOREM 2. The function %(ak) = Re ¢} (ax) is analytic in the unit disc
|o| < 1 with respect to the variable p:

Redias) = 3 Ay(k, ),

p=1
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where

n & 2
Ao(k,ny=1,  Ak,n)=Re |3 [(akia ) + V" 1(ay)

m=1 v m

m#k

+ V:\’k l(ak) .

3. Infinite material

A rectangular array of circular cylinders of conductivity A; is embedded in a
matrix of conductivity A. Let us study the transport properties of the composite
material in the z-direction. So we have the following problem in the cell Qg :=
{(z,y) e R —a/2 < z < a2, -1/(2a) < y < 1/(2a)}: find the potentials
wy(z,y) and w(z,y) harmonic in Q; := {(z,y) € R% 22 + y? < r?} and Q :=
(o\ @, respectively, continuously differentiable in the closures of these domains
with the boundary conditions

2

(3.1) w = wy, = Ma—— on the circumference z% + y2 = 7,
. n

(3.2) w(z + a,y) = w(z,y) + a, w(z,y +a ') = w(z,y).

If A\; = A then w = w; = z, and the current j = —gradz = (-1, 0).

References to papers with effective solutions of the problem (3.1), (3.2) are
given in Sec. 1.

The problem (3.1), (3.2) is equivalent to the following boundary R-value prob-
lem

(3.3) o(t) = pi(t) — o) - t, |t =T,

where the unknown functions ¢(z) and ¢,(z) are analytic in DD and D, respect-
ively, continuously differentiable in the closures of these domains. The function
¢(z) is quasi-periodic:

oz + o)+ iy = ¢(2) = d(z +ia” ) + iy,

where 7; and -, are real constants. The harmonic and analytic functions are
related by the identities w(z, y) = Re (¢(2)+2), wi(z, y)(A+A1)/2A = Re ¢1(z).
The first condition (3.1) coincides with the real part of (3.3). The second condition
(3.1) complies with the imaginary part of (3.3) differentiated along the tangential
vector.

We assume that p is a small parameter. A method of perturbation consists in
finding a solution of the problem (3.3) in the form of the following expansions:

#(z) = %) + p8'(2) + ..., 01(z) = () + 0l (2) + ... .
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By substituting these expansions in the boundary condition (3.3) and collecting
terms with equal powers of o™, we obtain a cascade of the problems. The number

zero problem is
=W -t, Jtl=r
The first one is L
PU(t) = ¢1(t) - AYt),  |t| =

Since the solution of the zero problem has the form ¢{(z) = z, the first problem
becomes

1 1 r2
O =si-7,  ll=r.

The last equality means that ¢!(2) is analytically continued into 1 < |z| < r.
Hence, the function ¢!(z) is analytic and quasi-periodic in Qg\{z = 0}:

(3.4) ¢1(z + o)+ i’yf = ¢l(z) = ¢>1(z + ia‘l) + iﬁ,{.

It has a pole at the point z = 0. The residue of #!(z) at z = 0 is equal to (-r?).
It follows from the theory of elliptic functions that

(3.5) ¢'(z) = r¥(Az - ((2)),

where A is a constant, ( is the Weierstrass function [19]. The relation (3.4) implies
the equalities

Re [¢!(z + @) - ¢'(2)] = Re [¢'(z +ia™") - ¢'(2)] = 0.

Substituting (3.5) into the last relations we obtain that «Re A = 7y, Im A = 0,
where 7; := 2((a/2) is a real number, hence A = a~!7,. So we arrive at the
following asymptotic representations

$1(2) = z + or® [a"'mz = (((2) = 1/2)] + o), as 00,

and

(3.6) $1(0) =1+ pr’a'n + 0(0), as p— 0.

Let us consider the system (2.5). Let R = Ryh(0) be the equation of the curve
v in the polar coordinates (R, ), Ry is a positive constant. We shall say that v
tends to infinity (y — oc) with a fixed shape if in the equation R = Ryh(f) the
value Ry tends to infinity (iy — oo). Let us fix k(). If we fix the shape of
in such a way that the operators V" disappear in the limit n — oo, then the
limiting system for infinite materials becomes

' T ZT
6D =X ( )w(_a)ﬂ, el < -

Z— Qm z =
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The sum 3’ means that the term ag = 0 is missing. The unknown function
m
P(z) = 71;1%10 ¢} (2). It is analytic in |z| < r, continuous in |z| < r and periodic:

Y(2) = ¥(z + ay) for each a;, € E = {mja +imya~'}, m; and m, are integers.
The infinite sum in (3.7) is understood in the following sense

+W(P(z)—%+52),

where S, is an undetermined quantity, and

T 1 [

is the Weierstrass function [19]. If /»(z) = 1 and z = 0 in (3.8) then }_, —1- = 9.

Using the method of successive approximations we conclude from (3. 7) that

(39) YO)=1+ grzz — +0(p) =1+ 0r*S, + 0o(p), as o — 0.

1’)’1

So we have the following quantities: ¢}(0) from the problem for infinite material
and ¢(0) as the limit of ¢/ (a;) with the special shape of ~. Since we assume that
#,(0) = ¥(0), then we conclude from (3.6) and (3.9) that S; := o~!n; for this
special shape of . It follows from the theory of elliptic functions [19] that S; can
be written in the form (1.1). This justifies the formula of Lord Rayleigh (1.1).

Let us show that the system of functional equations (3.7) is a continuous form
of the infinite algebraic system of the method of Rayleigh. Introduce now the
Taylor series for the function (z) inside the circle 2 < r

P(z) =Y 2"
k=0
Then
, r 2 r2 -
() ¢ =) = DT ISz, 0),
m ~ m © — m k=0
where

' k+2
/ 1 = &
Sk+2(z,a) Z=Z m=2(~zaf+l) 5 k=0,1,2,....
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The function S,(z, «) is understood in the following sense: S3(z, @) := P(z) —
lz + S5, If z = 0 then S5(0, @) = 5,. Substituting all series in (3.7) we arrive
4

at an infinite system of linear algebraic equations. The real parts of this system
coincide with the infinite system of Lord RAYLEIGH [1], MCPHEDRAN et al. [4-7],
PERRINS et al. [2], PoLADIAN et al. [3] for a = 1. We will show it only for the
number zero equation. Substituting z = 0 into (3.7) we obtain

Yo =0 Prr?**S82(0,1) + 1,
k=0

where g
Sk.'.z(o, 1) = Z’W .

If we replace ;. by .
Br+1 = (k + 1)or2**DRe gy,

then we obtain the first equation of [2].

4. Effective conductivity and the sum 5,

Let us introduce the value

7>
<e>’

Ae(n) =
where

n n
<e>=J+ Y jk, <j>= A+ Ak,
k:l k=1

i _/f “*drdy_(1_9)/faU’“d:cdy—(1—g)Jk,

J-// T 4z dy.

Using the Green’s formula [/ a—:d;r dy = [vdy we obtain
G oz g

Ae(n)
/\ —1+2 @ZJk,
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where |(7| is the area of the domain (i. Applying the mean value theorem to the
integral .J, we have

f | G dy = w17 @) = rRe dion)

Therefore

(@.1) ) 142 ’]GI : ZRe Hilar).

It follows from the Theorem 2 of Sec. 2 that

1
A — A

2 n
) + Z V7" 1(ax)| o+ o(g), as o— 0.
m=1

Re ¢ (ax) =1+Re [r? > (

m=1
m¥Ek

Substituting this relation into (4.1) we have

AZ(n) _ rin 27rr2n 2
—/\ —1+29 IGl +29 |G' m(n)+o(g )'l as g—}o’
where
2 1s L :
k() = rPRe (S, ) + u(n, ), Samm)i= 23 Y (=)
k=1 m=1 m
m#Ek
1 n n
(4.2) pl )= 30 3 Vot 1aw).
k=1m=1

Calculating the limit n — oo ¢ 7 tends to infinity, we arrive at the relation
x

A
(4.3) _)\e_ =1+2pv+ 20% nlinclo k(n) + o(g%), as o — 0,

where v is the volume fraction of the inclusion. On the other hand, calculating
AZ in the cell () representing infinite material and using (3.6) we have

3

(4.4) —/\— =1+2pvRedj(0)=1+2pv+ ZQZUZRE:—; +0(0?), as p—0.

Comparing (4.3) and (4.4) we conclude that nlinolo k(n) must be equal to

Re(v7; /7). This conclusion allows us to explain strange properties of the sum
Sy (see Sec.1). Let us fix the shape of v and introduce the limits

S2(7) = lim Sy(n,v),  p(y) = lim p(n,?).
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Thus we have the two equalities:

k(n) = r’ReSy(n,7) + pu(n,7)  and  —B = 1255() + ().

In the last equality the value v7, /7« is independent of . It means that one
may assume an arbitrary shape of v and define S,(7) at will. But it is necessary
to account for the term p(y). For instance, if we take < in such a way that
S2(v) = (n1/ ), then u(y) must be equal to zero.

If « = 1then 7, = 7 and Jir:r;o k(n) = v. In this case we arrive at the
asymptotic formula

/\T =1+ 20v + 20%% + o(0?), as o0 — 0,
derived by Bergman and Milton. Thorough investigations of such representations
involve the bounds on the effective tensor. The most important papers on those
bounds are cited in the recent work by CLARK and MirToN [20].

The formula (4.4) is closely related to the famous Clausius - Mossotti approxi-
mation

Ae _ 1+ pv ’
(4.5) T T + o(v), aa v—0
Let us note that p — 0 in (4.4) and v — 0 in (4.5). It follows from [23, p.63-75]
that
y 2
5 1+ pv(2-5,/7)+ —S§g3v5 + %gv — o’ (%) ]
(4.6) £ =

X , 6 . % Sy\?
- e~ v - (2= ) -0 o- 2]

+o(v’) as v —0,

where Sy := Z’ a;* is the absolutely convergent Rayleigh sum of the fourth order

[1]. Therefore in order to improve (4.5) as v — 0 or p — 0, we must use the
value 5;. Calculation of the higher order Rayleigh sums S3, (n > 1) is only a
computation problem, because they are absolutely convergent. Let us note that
an exact formula for A*/) has been derived in [8, 23], and formula (4.6) is an
approximate consequence of this result. However, (4.6) is of a very simple form
and can be easily used in technical calculations.

Applying the Dykhne -Keller identity [24] to (4.6) it is possible to get an
analogous formula for AY/\. Following [23] it is necessary to replace S, with
(2 - 52/2).
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5. Conclusions

In addition to the physical explanation of the equality 5; = 7 of MCPHEDRAN
et al. [7] and PERRINS et al. [2] and the rigorous definition of S, of MiTYUSHEV [8,
23], in the present paper we have given the rigorous mathematical explanation
when and why the formula (1.1) is true. We have also analyzed the Rayleigh sum
S, and its application to analytic formulae, determining the properties of the
tensor. Moreover, we have justified the method of Lord Rayleigh.

Appendix

We shall prove that the value Sy(7) is correctly defined. Let us fix ~(f) in
the equation R = Ryh(0) of the curve v in the polar coordinates system (R, 6).

According to [8]
1
v.p. /f Tz—dxdy = 11m // —dz dy,
G

G\{z eC, |z|> 5}.

N

.

Il

Following to [8] we arrive at the formula

Th(o)
2 h(0)

J= j Redy - lim [ Re: L i (sin 20 + i cos 20) df.
W

IZI—

Since S;(7y) can be considered as a limit of the Riemannian sum of the integral
J, we have

Sa(y) = nango Sa(n,y) = Rli-l:‘»loo ]

One can see that J is independent of Ry. Hence S>(7) is correctly defined by
the integral

17 R(0), . p
S2(7) = 5/0 ) (sin 20 + 7 cos20) db.
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