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Crack in an anisotropic medium

A.V.BALUEVA and S.V.KUZNETSOV (MOSCOW)

A NUMERICAL method for the 3D problem of cracks in anisotropic media is developed, based on the
variational approach to the crack opening problem. Properties of the pseudo-differential operator
of the crack equilibrium problem are considered. Numerical examples are presented.

1. Introduction

SorutioN of the 3D problem of a plane crack in anisotropic medium is not simple
in view of the absence of effective algorithms for determination of fundamental
solutions of the equilibrium equations.

Presumably the first integro-differential equation for the plane crack in aniso-
tropic medium was constructed in [1, 2] by means of the Fourier and Radon
transforms. The main difficulty in that approach lies in the necessity of construct-
ing several auxiliary solutions to the problem of determination of the root of
elliptic polynomials in three variables. In fact, in the case of arbitrary anisotropy,
the latter problem can be solved only numerically. That does not allow us to ob-
tain qualitative and quantitative results for cracks, which are known for isotropic
case [3, 4].

The method developed for solution of the 3D problem for a plane crack of
arbitrary shape in anisotropic medium is based on the construction of the elliptic
pseudo-differential operator (p.d.o.) and application of the Goldstein-Klein -
Eskin variational method [5] for a numerical solution.

2. Basic operators

Anisotropic elastic medium is considered, for which Lamé’s equations of equi-
librium can be written in the form

2.1) A@)u(x) = —div,C- -V, u(x) = 0,

where A is the matrix differential operator of the equilibrium equations, C is a

fourth-order elasticity tensor, assumed to be strongly elliptic, while the medium

itself is assumed to be hyperelastic, and u is the displacement vector field.
Application of the integral Fourier transform

O = [ g0 exp(-2rix-€)da
R3
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to (2.1) yields the matrix operator A

(2.2) ANE) = (@)% -C-€.

As it follows from (2.2), operator A" is strongly elliptic, positive definite of degree
2 and analytic in F5.
Now, formal identity following from the definition of the fundamental solution

23) ANE)ENE) = 1,

where E" is the fundamental solution, and I is a unit (diagonal) matrix, enables
us to write E* in the form

(2.4) E* () = A (§)/ det A" (§),

where Ag is the cofactor of A”. This formula shows that operator E" is also
strongly elliptic, positive definite of degree —2 and E* € C=(R*\ 0, R* ® R%).
The inverse Fourier transform applied to the formula (2.4) leads to
Prorosition 1. Fundamental solution of the equilibrium equations (2.1) is
positive definite of degree —1 and E € C>°(R3\ 0, R* ® R®).

REMARK 1. It should be noted that, while for some specific groups of elastic
symmetry the Fourier inversion of the formula (2.4) can be performed analytically,
in the general case of elastic anisotropy it can be done only numerically [6].

3. Representation of solution

The displacement field produced by a crack is represented by the double-layer
potential

(3.1) u() = [ b T, v,)E(x - ¥)dy',
n

where b is the crack opening, T is the operator of surface tractions, dy’ is the
Lebesgue measure on the /I,-plane, and §2 C ], is the bounded plane region
occupied by the crack at the [],-plane.

Surface tractions acting at the [1,-plane are determined by the limits (evalu-
ated in non-tangential direction)

(2) ) = lim TG, —v2) [ &) TG, v )EC - Y)dy', X € 1T,
7]

These limits are correctly determined according to the Lyapunov-Tauber the-
orem for elastic potentials [7].
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Application of the Fourier transform to (3.2) gives the amplitude [9] of the
corresponding pseudo-differential operator
(3.3) GN(¢) = 2m)ryC-- - QENE) © -+ -Crvy.

Properties of the amplitude (3.3) and the associated principal symbol were
investigated in [7, 8] where it was proved that condition of strong ellipticity for the
elasticity tensor C ensures strong ellipticity for the amplitude (3.3) and principal
symbol.

Reduction of the amplitude (3.3) to the /I, -plane gives the principal symbol
we are looking for, which depends on ¢’ € ], variables alone:

(3.4) G(¢') = (21)2F.P. / GM() de",

where £ € R3, & = Prp 6, £ = Pr,(£) so £ = € + £"v. In (3.4) F.P. stands for
the Finite Part of the diconvergent improper integral.

4. Regularization technique

To evaluate integral in (3.4) we observe that the integrand in (3.4) has an
obvious asymptotic property due to (2.4)
(4.1) IG*EI = O, €] — oo

Moreover, the limit of the integrand when |£”| — oo can be easily obtained from
(3.4) using Eqgs. (2.3) and (2.4), that is

4.2 v ¢ lim G*¢)=wv-C.v
42 o’ B, 6O =€
Now, from Egs.(4.1) and (4.2) it follows that
(4.3) IG"©€) = v-C-v|| = O(E"™), €' = o0.

Analysis of the expressions (4.2) and (4.3) shows that the asymptotic terms of
the highest order O(|£”|~1), |¢”| — oo are odd functions of £”. So, the improper
integral in (3.3) exists in the Principal Value sense at any £’ # 0:

(4.4) G(¢') = P.V. f (GMNE) — v+ Cv) dE".

Taking into account oddness (with respect to £”-variable) of the highest asymp-
totic expression in (4.3), the integral in (4.4) can be finally rewritten in the fol-
lowing form, which can be more convenient in computations
45 €)= [ [6'©-6"(O-w-Chld’, ¢ #0

—00
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5. Properties and structure of the operator G~

Proof of the following proposition can be found in [7, 8]:

PROPOSITION 2. a) Operator G~ is symmetric; b) G™ is positive definite of
degree 1 with respect to |¢'|; ¢) symbol G~ is strongly elliptic; d) work produced
by the surface loadings ty € H_; ({2, R®) acting on the crack faces

(5.1) /to-bd:c’>0
2
is positive, where H_; /, is the Hormander functional space; e) quadratic functional
(52) F(b) = / b~(£)- G7(¢')-b(¢") df’
i,

representing the elastic energy is coercive in Hormander’s space H 5.
] 1/2

CoroLLARY 1. Normal loading on the crack surface g = pv, p > 0 pro-
duces crack opening and increases the crack volume, independently of the elastic
anisotropy.

COROLLARY 2. Variational problem

. 1 - ! ~.—~ /
63) ot [ip(b)-l(b)], I(b) = ! s B n/ 15 Fde

has a unique solution provided V is a closed subspace in H;/(£2, R%).

REMARK 1. Tt should be noted that for an anisotropic medium, normal load-
ing of the crack surface can also produce components of displacement lying in
the crack plane (together with necessarily present normal components, due to
Corollary 1).

ProrosiTION 3. If anisotropic material possesses a plane of elastic symmetry
and the crack lies in it, then G™ may be represented in the form

(5.4) G =€)+ pv v,

where g; is a tensor with components lying in the //,-plane: v-g; = 0,g;+v =0,
and ¢»(¢’) is a scalar-valued function.

Proof At first we remark that if v is the unit normal to the plane of
elastic symmetry, then the fourth-order elasticity tensor C can have only an even
number of indices corresponding to the v-direction. Otherwise it would not satisfy
the symmetry condition. Now it becomes obvious that term v« C-v in (4.3), (4.4)
does not contain mixed indices, that is referring to » and in the /], -plane.
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Similar considerations based on the decomposition (5.4), show that both op-
erators A" and E” consist of odd or even components with respect to {"-variable,
provided these components have, respectively, odd or even number of indices cor-
responding to the v-direction. Analysis of the formula (3.3) with the preceding
remark yields the conclusion that the mixed components of G are odd functions
of the ¢"-variable. This, together with (4.3), completes the proof.

REMARK 2. When the crack lies in the plane of elastic symmetry, then in
contrast to the general case noted in the Remark 1, normal loading produces
only normal components of the crack opening. The preceding proposition shows
that the inverse statement is also true.

6. Construction of the p.d.o.

Fourier inversion in the //,-plane of the operator G™ which gives the p.d.o. of

the crack theory, can be done by the method similar to the multipolar expansion
method [6].

Let the operator G~ be expanded into harmonic series on the unit circle
& C i,

5 G, exp(ing)
) = et
£ =(nE), b=Ilwsp, & =I|¢sing.

Matrix coefficients G,, in Eq.(6.1) are determined by integration along the circle
S (at || = 1):

(6.1)

2
(6.2) G, =7"" f G (p)exp(inp) de .
0

REMARK 3. In the expansion (6.1) are presented harmonic functions of even
order only. That is due to positive definiteness of the operator G™.

Now the inverse Fourier transform of (6.1) can be obtained by Bochner’s
inversion formula which leads to an operator with weak singularity. This gives
the p.d.o. we are looking for

Z "Gy, exp(ing)
G(x) = (2m) 22 : A,
(63) %) |
X' = (2, 3), z, = |X/| cosep, Ty = [¥/|sinep.

Remark 3 shows that formula (6.3) defines a weakly singular operator with the
zero imaginary part.
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7. Numerical method
The variational equation relating the crack closure to the surface tractions
may be written in the form
W(b) - I(b) = 0,

(7.1)
W(b)= [ b:G-bda’, l(b)= [ tg-bdz',
R, ey

where W is the quadratic functional defining the energy necessary for the crack
opening. The condition of vanishing of the gradient of expression (7.1) leads to
the Euler equation

Vi [W(b) — I(b)] = 0,

which coincides with (3.2). Equation (7.1) may be represented by means of the
integral Fourier transform and Parseval’s identity in the form

(12) JE@-G©)-b€)de' = [ 6@ 107€) e
i i1

where I is the plane of the crack (2. We will find the Fourier-transform of the
crack opening in the series form [10]

(7.3) 5 = 3 bmgm(),

where @, € H, /2 are the coordinates, and the unknown vectorial coefficients b,,
are defined from the condition of minimization of the quadratic functional (7.1).
It gives the linear system enabling the determination of b,, [10]:

4 Tba [0 @ @G = [ HEE) de,
or in a coordinate form

(05) Tt [ @ ET@E = [ o) b
= 11 1

where indices «, 3 run from 1 to 3.

8. Example of numerical calculation

A crystal of MgAlL,O,4 (spinel) was taken for model calculations with the fol-
lowing anisotropy coefficients:
Chin =1, Chizz2 = 0.548, Chizs = 0.548,
Caxp =1, Caz3z = 0.548, Uz =1,
Ci212 = Cnzxn = Ci313 = 0.548,
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which correspond to the cubic crystal. The crack is placed in one of the main
symmetry planes, and the crack is subjected to the normal loading.

FiG. 1. Opening of a crack of elliptical form. The semi-axes ratio 1: 1.

F1G. 2. Opening of a crack of elliptical form. The semi-axes ratio 2 : 1.

Two examples of a circular crack and an elliptical crack with semiaxes ratio
1 : 2 were calculated. The computer results showed that in case of this loading
and crack position in the cubic crystal, only normal crack opening occurs (the
tangential displacement jumps are equal to zero), what is also in a good agreement
with the theoretical results. The cracks openings are represented graphically in
Fig. 1 and 2.
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