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1\vo-dimensional tensor function representations 
involving third-order tensors 

Q.-S. ZHENG (BEIJING) 

AMONG TitE PHYSICAllY possible infinitely many material symmetries of all kinds in a two-dimen-
sional space, there exist eight kinds, i.e., the isotropy C00v, hernitropy C00, two symmetries C1 and 
Cz in the oblique system, C1v and C2v in the rectangular system, and C3 and C3v in the trigonal 
system, that can be characterized in terms of tensors of orders not higher than three. In this paper, 
the complete and irreducible representations relative to these eight symmetries are established for 
scalar-, vector-, second-order tensor- and third-order tensor-valued functions of any fini te number 
of vectors, second-order tensors and third-order tensors. These representations allow to obtain, in 
the case of two-dimensional problems, general invariant forms of the physical laws; in particular, 
the constitutive equations involving thrid-ordcr tensors. 

l. Introduction 

R ECENTLY, the complete and irreducible representations in two-dimensional space 
were established by ZHENG [7] relative to every kind of material symmetry for 
scalar-,vecto r- and second-order tensor-valued functions of any finitt: number 
of second-order symmetric tensors A 1, • .. , AN (denoted by Aa ), second-order 
skew-symmetric tensors W1, ... , Wp (denoted by W<) and vectors v1, ... , VM (de-
noted by vu)· In contrast to these general results, complete and irreducible rep-
resentations for tensor functions involving tensors of order higher than two are 
much less well understood (PENNISI (4), ZHENG (9), ZHENG and BETIEN (10), 
BETTEN and H ELISCH [1]). In particular, the problem of constructing of general, 
complete and irreducibl e tensor function representations which contain any fi-
nite number of third-order tensor agencies T 1, . . . , T L (denoted by T ..\ ), even for 
L = 1, is still open, although its importance can be seen in many modern physical 
contexts (cf., P ENNISI [4]) . 

ZHENG and B OEHLER (11] have described and classified the physically possible 
infinitely many material symmetries of all ki nds in two dimensions (and also in 
three dimensions). Among them, there are eight symmetries tha t can be charac-
terized in terms of vector(s), second-order tensor(s), and/or third-order tensor, 
as shown below in Table 1. 

In this paper, notation is based on the following conventions. We denote by 
1 the second-order intensity tensor, e: the permutation tensor (a second-order 
skew-symmetric tensor), R(B) the rotation tensor of angle B, a and b two unit 
orthogonal vectors, Rb the reflection transformation in b direction, and 

(1.1) P = a ® a ® a - (a ® b ® b + b ® a ® b + b ® b ® a). 
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Table 1. All kinds of two-dimensional material symmetry that have structural tensors 
as vector(s), second-order tnsor(s), and/or third-order tensor. 

system Schoeoflies symbol generators of symmetry group structural tensors 

oblique c , R(O) = 1 a, £ (or a, b) 
c 2 R(1r) = - 1 M,£ 

rectangular Clv Rb=a® a - b ® b a 
c 2v = orthotropy R(1r), Rb M=a ® a - b ® b 

trigonal c 3 R(211"/3) P, £ 
C3v R(27r /3), Rb p 

circle Coo = hemitropy R(B) (0 :::; B < 21r £ 
Coov = isotropy R(B), Rb (0 :::; B < 21r) 1 

The operators ®, •, :, and : mean tensor, scalar (or dot), double dot and triple 
dot products, respectively. Components of vectors and tensors are referred to an 
orthonormal frame, say { ei}, lower-case Latin indices ('i , j , k, . . . ) range from 1 to 
2, repeated indices are summed from 1 to 2, and the abbrevi ations e;j = e; ® ei 
and eijk = e; ® ei ® ek are used. The prefix tr indicates trace. 

A tensor I-1 is termed as i1Teducible, if it is a completely symmetric and traceless: 

(1.2) Hij k ... l = Hjik ... l = lhji ... l = ... = ll tjk ... i, H mmk ... l = Ok ... t, 

where Ok...1 corresponds to the zero-tensor of the relevant order. It is well known 
that any irreducible tensor H in two-dimensional space has only t\.vo independent 
components (e.g. Hlll .. .l and H 211 ... 1) . In parti cular, the relati ons amo ng the 
components of an irreducible third-order tensor T are: 

(1.3) 

We can decompose any third-order tensor D into an irreducible third-order tensor 
T and three vectors D;11e;, Dtil ei, Du;e; in the fo rm: 

(1.4) Tijk = 4Dij k- (3Duk- Dlkl - Dw )5;j- (3Dtjl- Dju - Duj )Oik 

- (3D;u - Dtil - Du;)oi k, 

where O;j denotes the Kronecker symbol. An elementary method of reducing 
tensors of any order to sums of irreducible tensors is described by S PENCER [6] 
and HANNABUSS (3). 

In view of (1.4) we further postulate that the third-order tensors T .>. (i .e., 
T 1, . .. , TL) are all irreducible. In this paper, we determine the complete and 
irreducible representations relative to the eight symmetries in Table 1 for scalar-, 
vector-, second-order tensor- and third-order tensor-valued functions of Aa , We, 
ve and T.>, . 
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2. Isotropic representations in different cases 

In order to provide compact procedures of determining complete and irreduc-
ible tensor function representations relative to the eight symmetries given in 'Pdble 
1, we derive in this section representations with respect to difTerent cases of the 
variables Aa,, W<, Ye, T,x . The method employed here is described by ZHENG [7, 8]. 

It is profitable to introduce the fo ll owing abbreviations and relations: 

ｾ＠ = T : A = Tijk Ajkei 

= (Tu,ei + Tme2)(Au - A22) + 2(Tm ei - Tu1e2)A12 , 

tv = T : (v ® v) = T ijk X j Xk ei 

= (T, ,,e, + Tme2)Cxi - ｸ ｾ Ｉ＠ + 2(Tmei- Tu1e2)x,x2 , 

TV = T· V = Tij kXkCij 

(2.1) = (Tuix l + T211x2)(eu - e22) + (Tm x l - Tlll x2)(e12 + e21) , 

and 

T : S = TikiSkl j Ci j 

= 2(Tlll S III + T211S211)l + 2(Tu,Sm - TmSu,)(el2 - e21), 

T W = Tijl Wtk Cijk 

= [Tu ,(eu2 + e121 + e211-e222) + T2u(e122 + e212 + e221 - eu,)] Wl2 , 

T; S = T ijkSi jk = 4(Tu,Slll + T m S 211), 

(2.2) (x·tx)2 + (x •£tx)2 = (T :T)(x·x)3/ 4, 

(tA·AtAi + (tA·£AtA)2 = (T :T)2[2 trA2 - (trA)2]3j64, 

where T and S denote any two irreducible third-order tensors, and A, W and 
v any second-order symmetric tensor, second-order skew-symmetric tensor and 
vector, respectively. Let D be any third-order tensor. The symbol {D} d enotes as 
a set of the following three tensors: 

(2.3) 

and (D) is the summation of the above three tensors, that is, 

(2.4) 

2.1. Representations when there exists a non-zero vector v among vq 

We can choose an orthonormal frame { Ci } so that v = v1 e1 with v1 > 0. Thus, 
we can write 

V• V:::} VJ , V :::} Cl , V•Y e:::} Vel (v12 -:j:. v) , 

(2.5) v ® v, 1:::} eu, e22, v·A0 V, trA 0 :::} Aoll , Ao22 , 

v ® v ® v, {v ® l} :::} elll , {em}, ｶﾷｴ ｾ ＺＺＺｽ ｔ ｟ｸ ｵｬ ﾷ＠
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In this paper, the notation A => B means that B is uniquely determined by A. It is 
evident that the alternative of ±e2 does not affect (2.5). Thus, the undetermined 
quantities remain 

If all vu2, A012, W{12, and T.x211 equal zero, we do not need to determine 
e2, e12 ± e21. {em} and e222· Otherwise, keeping (2.5) in mind, we consider the 
following cases 1-4. 

CASE 1. wl2 1: 0 for a tensor w among w{. We alternate ±e2 so that w12 > 0 
and then give 

trW2 => w12' Wv => e2' V• Wvu => Vu2 (vu 1: v) , 
V® w V+ w V® V => el2 + e21 ' V. Ao w V=> Aol2' 

(2.6) W => e12-e21, trWW{ => W0 2 (W{ 1: W), 
(v ® v ® Wv) (or Wv ® Wv ® Wv), {Wv ® I } => e222, {e112} , 

ｶ•ｗｴ ｾ＠ (or v•Wtfv) => Tuu-

CASE 2. u2 1: 0 for a vector u among vu· We can select ±e2 so that u2 > 0 
and then have 

(2.7) 

u • u => u2 , u => e2 , 

v ® u ± u ® v => e12 ± e21 , 

(v ® v ® u) (or u ® u ® u, if 

u • ｴ ｾ＠ (or u • ｴｾ Ｌ＠

(vu -:f v, u), 

v·A0 u => Ao12, v·W{u => Wo2, 

ｵｾ＠ -:f 3uT}, {u ® I }=> e222, {em} , 
if Ｑｌｾ＠ -:f 3ui} => T .x211 . 

CASE 3. A12 -:f 0 for a tensor A among A0 . By alternating ±e2 we can arrive 
at A 12 > 0 and 

tr A2 => A 12 , A => e12 + e21, tr AAo => Ao12 (Ao 1: A), 
Av => e2 , v·Avu => vu2 (vu -:f v), 

v ® A v - A v ® v => e12 - e21 , v· A W{v => W02 , 
(2.8) 

(v ® A) , {Av ® l} => e222 , {e112} , v·t1=>Tull · 

CASE 4. T211 -:f 0 for a tensor T among T.x. Choosing ±e2 so that T211 > 0 
can follow 

T :T =>T211, tv => e2 , Vu·tv=>vu2 (vu "fv) , 

(2.9) 
T" => CJ2 + e21 ' V• tAa = tr (Ao T") => Aol2' 

V @ tv - tv @ V => CJ2 - e21 , 

T, {tv ® 1} => e222, ·{e112} , (T.x -:f T). 
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2.2. Representations when all vectors v11 equal zero, thl're exists a tensor A among A., which has 
two distinct principal values, and there exists a non-zero tensor T among T>. 

By selecting ±e1 and ± e2 as orthogonal principal directions of A, we can 
express A= A 11e11 + A22e22 and then we have 

(2.10) 
1, A => eu , e22, 

tr Aa, tr AAa => Aa ll , Aa-22 (Aa ::j:- A). 

Note that choices of ±e1 and of ±e2 do not influence (2.10). Since T is a non-zero 
irreducible third-order tensor, without loss of generality we can suppose that 
Tlll > 0 by alternating e1 and e2 and choosing ±e1. It foll ows 

(2.11) 

For the remaining undetermined quantities: 

ei ; (i , j,k = 1,2), 

we consider the foll owing cases i - iv. 

CASEi. W12 ::j:- 0 for a tensor W among We. We choose ± e2 so that W 12 > 0 
and then we have 

A W - WA => e12 + e21 , trAAaW => Aat2 (Aa ::j:- A) , 

(2.12) w => el2 - e21 ' trWWe => w{l2 CWe t- W), 

T, TW, { lA 0 1}, {WtA 0 1} => eijk , 

(T-' ::j:- T). 

CASE ii. Tl11T21l ::j:- 0. Alt ernating ± e2 can yield T211 > 0 and then 

• A A 
T:T, t ·At => T211, tA, ａｾ ］＾＠ ei , 

(Aa ::j:- A) , 

(2.13) 

• A .A 
T : T-', t ﾷ ａｾ Ｌ｜ ］＾ ｔＭＧ ｩ ｬｬ＠ (T-' ::j:- T). 
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CASE iii. T211 = 0 and B12 :f. 0 for a tensor n among Ao. Selecting ±e2 so 
that B12 > 0, we have 

tr n2 ::;. BI2, tA , t8 ::;. e; ' 

ll ::;. e12 + e21 , tr ll Ao ::;. Aot2 (Ao :f. A, B), 

(2.14) AB - BA ::;. e12 - e21 , tr All ｗ ｾ＠ ::;. Wo2 , 

T, T(All - llA) , {tA ® l} , {t 8 ® l} ::;. eijk , 

CASE iv. T211 = 0 and S211 :f. 0 for a tenso r S among T.A. Selecting ±e2 so 
that S211 > 0 can follow, 

T : s , s:s::;. Sut, S2u , tA , sA ::;. e; , 

A(T : S) - (S : T)A ::;. e12 + e21 , 

(2.15) 
tr(T : S)A Ao ::;. Aot2 (Ao :f. A) , 

T : S - S : T ::;. e12 - e21 , tr (T : ｓＩｗｾ＠ ::;. W0 2 , 

T, S, {tA ® 1} , {sA ® 1} ::;. ei j k , 

(T.A :f. T, S). 

2.3. Representations when all vfl are null vectors, all Aa have not two distinct principal values, 
and there is a non-zero tensor T among ｔ ｾ＠

Since Ao have not two disti nct pri ncipal values, we can express them as A0 = 
(tr A0 )l /2. It is known from 1hble 2 of ZHENG and SPENC ER [12] that any rotation 
tensor R(c.p) leaves 1, Ct2 - ezJ, Ao = (tr Ao/ 2)1 and ｷ ｾ＠ = ｗｾｴ ｺ Ｈ･ｬＲ＠ - e2I) 
unaltered. Then, we have the following transformation relations 

(2.16) 

(e1 + tez) ｾＭＭＭＫ＠ exp(±tc.p)(ei + tez), 

{(e1 + ze2) ® 1} ｾＭＭＭＫ＠ exp(±1.c.p){(e1 + tez) ® 1}, 

(e11 - ezz) + z(e12 + ezi) ｾＭＭＭＫ＠ exp(±t2c.p)[(ett - e22) + ze12 + e21)], 

(etll - (em))+ t ((ell2) - e222) 

ｾＭＭＭＫ＠ exp(± t3<;)[(elll - (em))+ z((e112) - e222)], 

where t = JC=T) is the unit imaginary number. Thus, we can rotate { e;} until 
Till > 0 and T211 = 0, and then give 

(2.17) T ::;. ent - (em), 

From (2.16) we can see that R(27l-j3) leaves e111 - (em), (e112)- e222 and T .A 
unaltered, but it varies ei, e11 - ezz, e12 + e21 and { e; ® 1} so that they do not 
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need to be determined in view of the isotropy condition. In other words, we only 
need to determine 

Wo2, Tun, e12 - e21, (en2) - ｾＲＲ Ｎ＠

If there exists a non-zero tensor W among W{ or there is a non-zero tensor S 
among T>., we select ± e2 so that W12 > 0 or 5211 > 0, and then we write 

trW2 => W12, W => e12 - e21 , trWW{ => Wo2 (W{ ::j= W), 

TW => (em) - e222, tr (T: S)W{ => T>.211 (T>. ::j= T), 
(2.18) 

or 

(2.19) 
s: s => s211, T : s - s : T => el2 - e21 , 

S => (em) - e222, 

Otherwise, if all Tull and W0 2 equal zero, we do not need to determine e12- e21 
and (em) - e222· · 

2.4. Representati on when all vectors v" and third-order tensors ｔ ｾ＠ are equal to zero 

Since the central inversion - 1 leaves tensors of even orders unaltered but 
changes the sign of tensors of odd orders, the isotropy condition requires that any 
isotropic vector- and third-order tensor-valued functions of second-order tensor 
Aa and W{ should be only a zero-vector and a third-order zero-tensor, respect-
ively. The complete and irreducible representations for scalar- and second-order 
tensor-valued functions of Aa and W{ can be seen, for example, in Tdbles 2, 4 
and 5 of ZHENG [8]. 

3. The complete and irreducible tensor function representations 

The complete and irreducible representations were established by ZHENG [8] 
for scalar-, vector-, second-order symmetric and skew-symmetric tensor-valued 
functions of Aa, w,, v e with respect to all kinds o f symmetry, particularly, to the 
eight symmetries shown in Thble 1. With these known results and the representa-
tions derived in the preceding section, we determine in the sequel the complete 
representations for the eight symmetries shown in Table 1. The irreducibility of 
the derived representations is verified in the next section. 

3.1. Representation for isotropy Coc,., 

The complete representations fo r isotropic tensor functions of Aa, W(, v e 
and T >. can be obtained by considering all the cases in Secs. 2.1-2.3 i .e., from 
(2.5)-(2.19), as summarized in Tables 2 and 3. 
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Table 2. Irreducible function bases. 

Coov trA, trA2
, trAB, trW2

, trABW, trWV, v•v, Coo tr A, trA2
, trAB, tr ABe:, tr t W, 

v• Av, v• AWv, v• u, v• Au, v• Wu; T:T, v• v, v• Av, v• AEv, v • u, v• Eu; 

ｾﾷａｴ｜ｾﾷ＠ ＸｾＬ＠ ｾＮａｗｬ ｜＠ v •t•, v •lA, v• Wt•, T : T, lA• At\ lA• At t\ v• t\ 
u• t•, T :s, tA•As\ tr(T: S)AB, tr (T : S)W v•e:tV,T:S,tr(T: S)e: 

C3., lrA, trA2, pA•ApA, trAB, pA•BpA, tr W2, CJ trA, pA•ApA, pA•Ae:p\ tr AB, 

pA• AWp\ tr ABW, trWV, v • v, v • p•, v • Av, trA Be:, tre:W, v• pV, v• e:p•, 

v• pA, v•WpV, v•AWv, v• u, u • pV, v•Wu; v • Av, v • AE v, v • u, v • £ u; 

T : T, P :T, pA• AlA , tr(P : T)W, v• t•, v• lA , P : T, tr (P : T)e: 

v • (P : T)u, tr (P : T)A 8 , T: S 

C2v trA, trA2
, trMA, trAB, trW2

, trMAW, trWV, Cz trA, trMA , trM Ae:, tre:W, 
v•v, v •Mv, v•Av, v•MW v, v•u, v•Mu, v •Au, v • M v, v • ME v, v • u, v • E u; 

v• Wu; T : T, tM• MtM , tM• AtM , tM• MWtM , T : T, tM• M lM , tM• MtlM , 

V. tV, V. tM, ｖ ＮｾＮ＠ V. WtM, T : s. lM • M SM. v • lM , v • e: lM , T : S, tr (T : S) e: 

tr(T : S)MA, tr(T: S)W 

c ,., trA, trA2
, a•Aa, trAB, trW2

, a•AWa, tr WV, c , a• A a, b• Ab, a • Ab, tre:W, 

v • v, a • v, a • Av, a • Wv , v • u; T : T, a • t 81
, a • lA , a• v, b• v; a• 19

, b· lb 

a • w la. V. la. T: s 

In Tables 2 and 3, the following abbreviations are employed: 

V= Ve , 
(3.1) 

A= Acr, n = AfJ, 
U = V17 , 

v = w<, 
ｓ］ ｔ ｾＧ Ｌ＠

with a,(3 = l , ... ,N and a< (3; ｾ Ｌ Ｈ＠ = l , . . . , M ｡ｮ､ｾ ＼ Ｈ［＠ {} , a = l, . . . ,P and 
f! < a; and .A , J.L = l , . . . ,L and .A < J.L. 

An explanation of the redundancy of one of u· tv and v· tu may be required. 
Without loss of generality, we setT= ett t - (e122) . Denote by (v, u) and (v,u) 
two solutions of the equations 

(3.2) V• V, U • U , V• t", U• tu, V• U , U• tv = COnSt. 

Because of v• v = v• v and u· u = u· u, we may assume that v = cos Bet + sin Be2, 

u = cos cpe1 + sin <pe2, v = cos Bet + sin Be2 and u = cos ｾ ･ｴ＠ + sin ｾＲﾷ＠ The 
equations v· t", u· tu, v· u, u· t" = constans yield immediately. 

(3.3) 
cos 38 = cos 30, 

cos(B-<p) = cos(B- ｾ Ｉ Ｌ＠

cos3<p = ｣ｯｳＳ ｾＬ＠

cos(2B + <p) = cos(2B + ｾ Ｉ Ｎ＠

It follows that cos(B + 2<p) = cos(B + Ｒ ｾ Ｉ Ｌ＠ i.e., v· tu = v· tu. Therefore, v· tu is 
redundant. 

In a similar manner we can verify the redundancy of one of tA· n tA and 
t8 • A t8 , and one of (v ® v ® u) and (u ® u ® v). 
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Table 3. Complete and irreducible tensor-valued function representations. 

vector-valued 

Coov v, Av, Wv; tA, At\ Wt\ t• Coo v, E v; t\ ａｾ＠
C3v p\ Ap\ Wp\ v, Wv, p•; t• c3 v, £ v; pA, £ PA 

Cw v, M v, Av, Wv; tM, M tM, t\ WtM c2 V, EV; tM , £ tM 

Ctv a, Aa, Wa, v; t" Ct a, b 

second-order symmetric tensor-valued 

Coov 1, A, A W - WA, v @ v, v @ Wv + Wv @ v, Coo 1, A, A£ - £A, V@ V, 
v @ u + u @ v; ｾ＠ ｾ＠ tA, A(T : S) - (T : S)A Vi8) £V + £V @V 

C3v 1, A, pA @ pA, AW - WA, v @ v, p•, c3 1, A, A£-£ A, V@ v, 
v @ W v + W v ｾ＠ v; TV, A(P : T) - (P : T)A v @£v+£v® v 

Cw 1, M, A, MW- W M, v ® v, v ® u + u ® v; c2 1, M, M£ 
TV, tM ® tM, M(T : S)- (T: S)M 

Ctv 1, a ® a, A, a ® W a + W a ® a, a ® v + v ® a; T" C t a @ a, b ® b, a @ b + b ® a 

second-order skew-symmeric tensor-valued 

Coov AB - BA, W, v @ A v - A v @ v, v @ u - u @ v; Coo £ 
tA ® A tA - A tA ® tA' V@ t• - t• ® V, T : s - s : T 

C3v ｰ ａ ｾ ａｰ ａ Ｍ ApA® pA, AB - BA, W, v ® p• - p• ® v, c3 £ 
v ® Av- Av ® v, v ® u - u ® v; P : T - T : P 

•Cw W, M A - A M, v ｾ ｍ＠ v - M v ® v, v ® u - u ® v; c2 £ 
V® tM - tM ® v, t• ® M t• - M t• ® tV, T : s - s : T 

Ctv a ® A a - A a ® a, W, a ® v - v ® a; a ® t8 
- t8 ® a Ct £ 

third-order tensor-valued 

Coov v @v @v, {v ® 1}. (v @A}, {Av @1}, (v @v @Wv}, Coo v @ v ® v, (v® v ® £V}, 
{Wv ® 1}. (v ® v ® u}; T, (AtA ® A}, {tA® l} , {v ® 1} , {£V i8l 1}; T, T£, 
ｻ ａｾ ﾮ＠ 1}, T(AB - BA), TW, {WtA ® 1}, {t• ® 1} {tA @ 1}, {EtA @ 1} 

C3v P, (ApA ® A} , {pA ® 1}, {Ap A ® 1}, P(A B - BA), c3 P, P£, {pA ® 1} , 
PW, {WpA® 1} , v® v® v, {v ® 1} , {p. ® 1}, (v® A}, { £ pA ® 1}' {V ® 1 }, 
{W v ® 1}, P(v ｾ＠ u - u ® v), T, { t• ® 1}, { tA ® 1} {EV ® l} 

Cw v ® v ® v, (v @ M}, {v @ l }, {Mv ® l }, (v ® A}, c2 (v® M}, (Ev® M }, {v ® l}. 
{Av ® 1}, (Wv ® M }, {Wv ® 1} ; T, (MtM @ M}, {£V ® l}; T, T£, {tM ® l}. 
{tM ® 1}, {M tM ® 1}, TW, T(MA - AM ), {£tM ® l} 
{WtM @ 1}, {t A@ 1} 

Ctv a ® a ®a, {a ® 1}. (a l8l A}, f Aa ® 1} , (a @a @Wa}, Ct a ® a ® a, {a ® 1} , 
{Wa ® 1}, (a ® a ® v}, {v ® 1} ; T, (t8 ® l} b ® b ® b,{b ® l} 

[667) 
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3.2. Representations for hemitropy Coo(e:) 

From the fact that e: characterizes the group Coo it foll ows that the hemitropic 
functions of A, W, v and T may be considered as isotropic functions of A, W, v, 
T and e:. Noting that e: is a non-zero second-order skew-symmetric tensor, from 
(2.5), (2.6), (2.10)-(2.12), (2.17) and (2.18), by substituting e: for W in (2.6), (2.12) 
and (2.18), we obtain complete representations for hemitropic tensor functions 
of Ac,, We, vll and T.x, as shown in Tables 2 and 3. 

3.3. Representations for C3.,(P) 

Th determine the complete isotropic tensor function representations of A0 , 

We, v ll• T.x and P, we consider the following cases instead of the cases in Sec. 2.1. 
First suppose that P211 = 0. We have the following invariants and form-invariants 
instead of those in (2.5)- (2.9), respectively. 

v·v, V•Ve, v•A0 V, trA 0 , v·p\ P :T,\; v; v ® v, l; P, {v ® 1} , 

trW2, V• Wv11 , trWWe, v· AaWv, tr(P: T.x)W; Wv; 

v ® Wv+Wv ® v; W; PW, {Wv ® l} , 
U•U, U•V 11 , U•pAo, V•Weu, v•(P : T.x)u; u; 

(3.4) Pu, v ® u - u ® v, P(v® u - u ® v), {u ® l }, 
trA2

, trAAa , v11·pA, v·AW<v, v·tA.x ; pA; 

A; v ® Av - Av ® v; (v ® A), {pA ® l} , 

T :T, v11 • (P : T)v, V• rAo, tr(P: T)We, T :T.x; 
C; r ; P : T - T : P; T, { tv ® 1}. 

Second, suppose that P211 =I 0. Instead of (2.5) and (2.9), respectively, we have 

V•V, v•v11 , v· A0 v, trA 0 , v·p\ V•t:; v; v® v, 1; v ®v ® v, {v ® l} , 

(3-5) Vll•p\ V•pAo , v•Wep\ P :T.x; pv; Pv; v ® pv - pv ® v; P, {pv ® l} . 

Finally, from (3.4), (3.5) as well as (2.10)-(2.15), replacing T by P, we can obtain 
the complete representations for tensor functions of A0 , We, v11 and T.x under 
C3"' as shown in Tables 2 and 3. 

3.4. Representations for C3(P, e:) 

If there exists a non-zero vector v among v ll• we can write, instead of (2.5) 
and (2.6), the equations 

(3.6) V•V 11 , v•e:v11 , V•p\ v•e:pv, trA 0 , v•A 0 v, v·A0 e:v, tre:We, P:T.x, 

tr(P:T.x)e:; v, e:v; 1, v®v, v®e:v+e:v® v; e:; P, Pe:, {v ® l}, {e:v ® l} , 
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where the obviously redundant invariant v • v has been removed because of the 
identity (v • v)3 = (v • pv)2 + (v • pv)2 according to (2.2). Setting T = P and W = £ 
in (2.10)-(2.12), (2.17) and (2.18) together wi th (3.6), we arrive at the complete 
representations under C3, as shown in Tables 2 and 3. 

3.5. Representations for C:w(M ) 

To determine the complete isotropic tensor functions of Aa, We, v11 , T.x and 
M, we consider the foll owing cases instead of the cases in Sec. 2.1. First, suppose 
that M12 = 0. We have the fo ll owing invariants and form-invariants instead of 
those in (2.5)- (2.9), respectively. 

v·v, v·v11, v·Mv, trM Aa, trAa, V•tM .x; v; M, 1; (v® M), {v ® 1} , 

trW2
, v·Wv11 , trWWe, tr M AaW, v· W tM .x ; Wv; 

MW - WM ; W; (Wv ® M), {Wv ® 1}, 

(3.7) u · u , u · v11 , v •Aa u, v •Weu, u·tM.x ; u; v®u ± u ®v; (u®M), {u ®1} , 

trA2, v· Av 11, trA Aa, trM AWe, v•tA.x; Av; 

A; MA - A M; (v ® A) , {Av ® 1}, 

T :T , v11·tM, v · tA,, v · WetM, T :T.x ; tM; T\ M Tv- TvM; T, {tM®1}. 

Second, suppose that M12 'f 0. Instead of (2.5) and (2.7), respectively, we have 

v • v, v • v 11 , v · Aa v, v · M v, tr Aa, v · C .x ; v; v ® v, 1; v ® v ® v, { v ® 1}, 

(3.8) trM Aa, v·Mv11 , ｶﾷｍｗ ｾ［ ｶ Ｌ＠ v • tM.x; Mv; M; 

v ® Mv - Mv ® v; (v ® M), { Mv ® l }. 

Finall y, from (3.7), (3.8) as well as (2.9)- (2.14), replacing A by M, we can obtain 
complete representations fo r tensor functions of Aa, ｗ ｾ［ Ｌ＠ v11 and T.x under C2v, 

as shown in Tables 2 and 3. 

3.6. Representations for C2(M, e:) 

Instead of (2.5) and (2.6) we have 

(3.9) v·Mv, v·M£v, v·v11 , V•£v11 , trAa, trM Aa, trM Aa£, v·tM.x, 

V•£tM.x, ｴｲﾣｗ ｾ［ ［＠ v, £v; 1, M, M£; £; 

(v ® M ), (Ev ® M ), {v ® l} , {Ev ® 1}, 

where the redundant invariant v · v is removed due to the identity (v • v? = 
(v ·M v)2 + (v ·M£ v)2. Setting A = M and W = £ in (2.10)- (2.12) together 
with (3.9), we immediately obtain the complete representations under C2, as 
presented in Tables 2 and 3. 
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3.7. Representations for C1.,(a) 

Setting v = a in (2.5)-(2.9) yields immediately the complete isotropic tensor 
function representations of Aa, W{, v 12 , T.\ and a; namely, the complete tensor 
function representations of Aa, W{, v 12 and T ,x under C 111 as given in Thbles 2 
and 3. 

3.8. Representations for c,(a, E) 

Settting v = a and W = E in (2.5) and (2.6) yields immediately the complete 
representations with respect to Cl> as given in Tables 2 and 3, where Ea is replaced 
by b because of Ea= ±b. 

4. Proof of the irreducibility of the derived representations 

Th verify the irreducibility of the representations established above in Sec. 3, 
we employ the technique developed by PENNISI and TRovATO [5] . It is obvious 
that the representations in Tables 2 and 3 with respect to C1, C2 and C3 are 
irreducible. With respect to Ce<m C00, C311, C2v and C1..,, the irreducibility of 
all invariants, vector form-invariants, and second-order tensor form-invariants in 
Thbles 2 and 3 when T,x = 0 has ben proved by ZHENG [8]; the irreducibility of all 
additional invariants and form-invariants when non-zero tensors exist among T,x, 
is verified in Thbles 4 and 5, respectively; and the irreducibility of all third-order 
tensor form invariants is confirmed in Thble 6. 

Table 4. Irreducibility of the function bases. 

variables invariant variables invariant 

Coov 

T = 0 and P T:T T = P, V = u, w = ± £ v• wt• 

T= P, A= ± M ,A, AtA T = P, v = b, u = b ± J3a u. ,. 

T = P + P £, A = M, tA• 8 tA T = P, S = ± P T:s 
B = M ± J3M£ 

T = p + PE, A = M, w = ±£ ｾﾷａｗｴａ＠ T=P,S=PE,A= ±M£ tA• A sA 
T = P, v = ±a V • t• T = P, S = PE, A= M, trT : S)AB 

B = M ±J3M£ 
T = P, A = M, v = ±a V • lA T = P, s = PE, w = ±£ tr(T:S)W 

Coo 

T = 0 and P T:T T = P, V= ± b V • £ t• 

T= P, A= ±M ,A, AlA T = P, S = ± P T:S 
T = P +PE, A= M ,A, A£ lA T = P, S = ±PE tr(T : S)£ 
T = P, v =±a V • t• 
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variables invariant variables invariant 

C3v 

T = 0 and Pe: T : T T = Pe:, V= ±b V • t• 

T=±P P : T T = Pe:, A= M ± VJMe:, v =a V• tA 

T=Pe:,A=±Me, pA· AtA T = P e:, v = a, u = a ± VJb u • (P : T)v 

T = Pe, W = ±e tr(P : T)W T=Pe:, S= ± Pe:, T : s 
T = Pt, A= M, 8 = M ±VJMe: tr(P : T)AB 

C-w 

T = 0 and P + Pe: T :T T = P £, A = ± M£, v = a ｶﾷｾ＠

T = P and Pe: tM•MtM T = P £, W = ±£, v = a v•WtM 

T =It+ Pe, A= ±M tM• AtM T = P + Pe, S = ±(P + Pt) T : s 
T = P + P e, W = ±e: tM•MWtM T = P + Pe, S = ±(P- Pe: tM • MsM 
T = P + P£, v = ±(a-b) V • tv T = P, s = p £, A = ±ME tr(T:S)MA 
T = P + Pe, v = ± (a+ b) v• tM T = P, S = P e:, W = ±E tr(T : S)W 

C!v 

T = 0 and Pe T :T T = Pe:, W = ±e: a•wt• 
T = ±P a. l8 T = Pt, V = ± b \ r • la 

T = Pe, A= ± M a • tA T = Pe:, S =±PE T : s 

Table S. Irreducibility of vector· and second-order tensor-valued function representations. 

variables form-invari ant vari ables form-invariant 

vector-valued 

Coov T = P +PE, A= M tA T = P, A = M, W = E ｷｾ＠
T = P + Pe, A= M AlA T = P, V= b tx 

Coo T = P, A= M tA T = P, A = M E lA 

C3v T = Pe:, v =a tv 

C-w T = P + Pe: tM T = P, A = Me: lA 

T = P+ PE MtM T = P, W = e WtM 

C!v T= Pe a, t8 T = Pe: t• 

second-order symmetric tensor-valued 

Coov T = P + Pe:, A= M lA ® tA T = P, s = p E, A = M A(T : S) - (S : T)A 
T = P +PE, v =a TV 

C3v T = Pe:, v =a TV T=Pe:,A=M A(P : T) - (T : P)A 
C-w T = P+ Pe tM ® tM T = P, s =PE M(T : S) - (S : T)M 

T =PE, v =a TV 

C!v T =PE Ta 

[671] 
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Table 5 [cont.] 

variables form-invariant variables form-invariant 

second-order skcw-symmctric tensor-valued 

Crx,., T=P+Pt:,A=M lA ® A tA - At" ® t" T = P, S = Pt: T : S - S:T 
T = P + Pt:, v =a V@ t•- t• @ V 

C3.., T = Pt: P :T-T:P 

Cw T = P + Pt: tM ® M IM - M IM ® IM T = P, S = Pt: T : S - S:T 
T = Pt:, v =a v @tM - tM ® v 

c .... T = Pt: a ® ta - la ® a 

Table 6. Irreducibility of third-order tensor-valued function representations. 

variables form-invariant variables form-invariant 

Coov v=a v @v @v T = P+ Pt:, A = M T 
v=a {v ® 1} T = P+ Pt:, A= M {AtA ® A} 

A= Mt:, v =a (v ® A} T = P + Pt:, A= M {tA @ 1} 

A= Mt:, v =a {Av ® l} T = P+ Pt:, A= M {AlA ® 1} 
W = £ , v =a (v ® v ® W v) T = P + Pt:, A = M, T(All - BA) 

ll = M+ J3M t: 
W = t:, v =a {Wv ® 1} T = P, \.Y = t: TW 
v = a, u = a + J3b (v ® v ® u) T = P, A = M, W = t: {Wt" ® l} 

T = P + Pt:, v =a {t• ® 1} 
Coo v=a v @v ® v T = P, A = M T 

v=a (v ® v ® o ) T = P, A = M Tt: 

v=a {v ® 1} T = P, A = M {tA @ 1} 

v =a {t: v ® l} T = P, A = M {t:IA @1} 

C3.., A= Mt: p A = M, B = M + J3M t: P(AB - BA) 
A= Mt: {Ap" ® A) A = M, W = t: { WpA ® 1} 

A = Mt: {pA @ 1} A = M + J3M t:, v = a (v ®A) 
A= Mt: {ApA @ 1} W = t:, v = a {Wv ® 1} 
W = t: PW v = a, u = a + J3b P(v ® u - u ® v) 
v=b v ® v ® v T = Pt:, A = M T 
v=b {v ® 1} T = Pe:, A = M {lA @ 1} 
v=b {p• ® 1} T = Pe:, v = a { ,. ® 1} 

Cw v=a+b v @v @v T = P + Pt: T 
v=a+b (v ® l\'1) T = P + Pt: {MtM ® M) 

v=a+b {v ® 1} T = P + Pt: { IM @ 1} 

v=a+b {Mv ® 1} T = P + Pt: {MTM ® 1} 
A= Mt:, v =a (v ® A} T = P, A = Mt: T(MA- AM) 

A= Mt:, v =a {Av ® l} T = P, A = Mt: {tA @ 1} 

W = t:, v = a (Wv ® M} T = P, W = t: TW 
W = t:, v = a {Wv ® 1} T = P, W = t: {WtM ® l} 

c .... A= Mt: a ® a ® a W = t: {Wa ® 1} 
A+Mt: (a ® A) v = b (a ® a ® v) 
A= Mt: {a ® 1} v = b {v ® 1} 
A= Me: {Aa ® l} T = Pt: T 
W=t: (a ® a ® Wa) T = Pt: { ,. ® 1} 

(672] 
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