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Influence of the Schulgasser inequality on effective moduli 
of two-phase isotropic composites 

S. TOKARZEWSKI and J. J. TELEGA (WARSZAWA) 

THE A IM of this paper is to study the effective transport coeffi c ients Ae of macroscopicall y isotropic 
two-phase composites fo r the case, where dielectri c coeffi c ients .\ 1 and ,\2 of components are 
real. As an input we take: ( i) N coeffi c ients o f the power expa nsio n of Ｌ ｜ ･ Ｈｾ ﾷ Ｉ＠ at x = 0, where 
x = ( .\zf ,\ 1) - I; ( ii) the analytical property o f Ae(l:), namcly .\ . ( - 1) 2' 0; (i ii) the Schulgasser 
inequali ty Ae(x).\e(Y) = (.\ 1) 2, y = - x f (x + 1). By starting fr om (i ), (ii) and ( ii i), a n infinite set 
o f bounds on ,\ . (.r ) has been established a nd compared with the corresponding ones reported in 
lit erature. As a n example of illustration o f the obtained results, the regular arrays of spheres has 
been investigated numerically. 

1. Introduction 

THE EFFECTIVE TRANSPORTcoefllcients /\ , of composit e materials may be evaluated 
by the method of bounds [5, 6, 7, 8, 12, 19, 20] . The bounds become increasingly 
narrow, when more information concerning the geometri cal properties o f the 
medium is avail able. 

Milt on has derived in the complex /\, -plane an infi nite set of narrowing bounds 
on >-e. The calculation of his bounds requires the knowl edge of successive terms 
of the power expansion of A, in /\2 - /\ 1. The coelll cients of the expansion are 
geometrical in nature and their values are determined by the correlation fu nctions 
of disordered geometry. Mi lton's approach is based on an analyt ic representation 
of the efTective dielectri c constant due to DERGMAN [4]. The problem o f complex 
bounds was also discussed by FELDERIIOF [1 2], who obtained the estimation of >-c 
with the help of four characteristic geometri cal functions introduced by DERGMAN 
[5]. Recently, interesting continued fraction representati ons fo r the set o f complex 
bounds on /\ p were presented by DERGMAN [6] for three-, and by CLARK and 
MILTON [8] for two-dimensional systems. 

The fundamental estimati ons of /\,(.r) reported in lit erature [20] do not exploit 
the well known Schulgasser inequali ty >-r(.r)/\, (y) ｾ＠ (/\ 1) 2, y = - .r / (.r + 1) [22]. 
Direct lin ks of this inequalit y wit h bounds for isotropic, inhomogeneous materi als 
has been advocated by MI LTON [20, p. 5297], see also [7, p. 927]. He suggested 
that some of the existi ng bounds on /\, (.t) are not the best, cf. [20, p. 5297]. A 
simple case of incorporation of /\, (.r)/\ , (y) ｾ＠ (>. 1) 2 into the second order bounds 
on >.c(.r) only, was studied in [6]. 

The main aim of this paper is to include the Schulgasser inequalit y >-c(:r) /\, (y) ｾ＠
(.A 1) 2, y = - .r / (.r + 1) in to an infin ite set o f fundamental real-valued bounds on 
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Ae(:t) reported by MI LTON [20). This aim is achieved by applying Pade apprcxi-
mants and continued fractions to the formulation of a method of incorporat.o n 
of Schulgasser inequality into lower and upper bounds on scalar, hulk transp)rt 
coeffici ents of two-phase media, see Theorem 2. 

2. Basic definitions and assumptions 

This study is concerned with the efTective dielectric constant !l e of a compmite 
consisting of two isotropic components of dielectric moduli ,\I> /\ 2 and volune 
fractions <p 1 and <p2 = 1 - <p 1, respectively. The overall dielectri c coefficient !1 , is 
defined by the linear relationship between the volume-averaged electric field (U) 
and volume-averaged displacement (D): 

(2.1) (D) = !l e(U). 

The value ( ·) is averaged over a representative volume or a basic cell. In general, 
!l e will be a second-order symmetri c tensor, even when /\1 and .-\2 are both scalas, 
and will depend on the microstructure of composite. Our consideration will be 
limit ed to one of the diagonal element of !l e, say Ae, which has a well kno.vn 
Stieltjes integral representati on [4, 9, 10) 

(2.2) 

I 

ｃＨＮＧ ｾＺ Ｉ＠ = Ae(x ) _ 1 = X J rl ; (n) ' 
/\ 1 1+ xn 

0 

where 

(2.3) X = h - 1, 

Here C (.x) is defined for x E (- l ,oo), cf. [6, 12). The spectrum ; (n) appeanng 
in (2.2) is a real, bounded and non-decreasing function determined fo r 0 s; v < 
oo. The representation (2.2) was introduced by B ERGMAN [6) and referred to as 
characteristic, geometrical function. 

Let us consider the power expansion of (2.2) 

(2.4) 

where 

(2.5) 

00 

C'(:t) = L Cnxn, 
n= l 

00 

C'n = (- l r -1 J un-1 d; (u). 

0 

For composite materials the coefficients C'n (n = 1, 2 .. . . , ) are finit e and series 
(2.4) is convergent for lx I < l. 
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Now we are in a position to introduce the Pade approximants to Stieltjes series 
(2.4). To this end we consider the fo ll owing ratio nal functions 

(2.6) 
[M+ J IM ] = Lllt +A x) = ｡ｾｊＩｸ＠ + · · · + ｡｜ｾＩＫ Ｎ ｬ ｸｬｬｦＫ Ｎｦ＠

PAt(x ) 1 + ＦｾｊＩ ｸ＠ + . . . Ｋ ｾ ＿＠ xll l ' 
J = 0, 1, 

with the power expansion of [A/ + J I M] at x = 0 

= 
(2.7) [M + J I M](x) = L Gn,JXn, J = 0, 1. 

n=l 

The functions (2.6) are the subdiagonal (J = 0) and diagonal (J = 1) Pade 
approximants [M + J I M ] to the Stieltj es functio n (2.2), provided that 

(2.8) Gn,J = Gn for n = 1, 2, . .. , 2AJ + J, J = 0, 1. 

Pade approximants (2.6) can also be expressed in the form of S -continued frac-
tions 

(2.9) [M+J I M ](x )=glx .rnx 921\f+JX , 
1 + 1 + .. ·+ 1 

.1=0, 1, 

equivalent to the foll owing expl icit expression, see [1 , 26] 

[M + .JI M] (:z:) = ___ ___::_:9 l:...,.,x--;:.,-----
!J2 X 1 + ___ ..:::....:... __ ----::-,.---

1 + 9211/+J-l:l: 
1 + 92M + JX 

The coefficients 91> ... , 92111 +J appearing in (2.9) are positive and uniquely de-
termined by the 2M + J coefficients Gn (n = 1, 2, ... , 2.A/ + J; .J = 0, 1) of a 
Stieltjes series (2.4). 

After this preparation, we can recall the infi nite set of fundamental bounds 
on >-e(x) derived by M ILTON in [20]. I3y expanding his estimations U N,o(C) and 
VN,o(P) (p = xl(x + 2); x = >-21>- 1 - 1) [20, p. 5296] into 5'-continued fractio ns 
dependent o n x , we obtain: 

THEOREM 1. For two-phase inhomogeneous media, the S-continued fractions 
(2.9) generated by power expansion (2.4) obey the following inequalities: 

(i) If x ｾ＠ 0 then 

(2.10) N Ae N 
ｖｎ Ｌ ｯＨ ｸ Ｉ ｾ Ｈ Ｍ ＱＩ＠ ｾ ｾ Ｈ Ｍ Ｑ Ｉ＠ NN,o(x). 

(ii) If - 1 :S x :S 0, then 

(2.11) 
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where C N + 1 is given by the following recurrence formula 

(2.12) 
• [Jp 

Cp = 1 C ' 
- p+l 

p = 1.2, ... N, 

while U N.o(:r) and \1 N,o(.r) take the following S -continued fraction forms 

(2.13) 

U " ｡Ｈ ｾﾷ Ｉ＠ _ 1 + .rJL X (}2 X 
l v , '" -

1 + 1 +· .. + 1 

V ( ) 1 + 
!JL X [J N X 

N ,O .1: = 
1 + 1 + .. ·+ 

Here UN,o(:c ) is a Pade approximant given hy (2.9) to power series (2.4), N denotes 
the number of known coefficients of a power series expansion (2.4 ), while x = 
P.-2/ .-\1) - 1. 

For macroscopically isotropic composites the well known Schulgasser inequal-
ity holds [22]: 

(2.14) 
Ae(:r) Ae(V) -- - - > 1 

AI ''I - ' 
if 

X 
!J = - --

.1: + 1 
and .r > - 1. 

The main purpose of this paper is to incorporate the relation (2.14) into S-fraction 
bounds (2.1 0)- (2.11 ). 

3. Schulgasser inequality >., (.r) ,\ , (y) ｾ＠ (>. 1? 
Let us consider the following class of S-continued fractions 

(3.1) ( ) 
[JJ :Z. [)2:1' .rJJ\' .l' ｦｊ ｎ Ｋ ｬﾷ ｾＧ＠

'!f-'N+ l X, rtN + l = 1 + -
1
- - .

1
- - - --

+ + .. ·+ 1 + 

Here 9J > 0 (j = 1, 2, ... , N ) are uniquely determined by N terms of a power 
expansion of >-ef,\ 1, while q ' + I is a free parameter belonging to the in terval 

(3.2) R N+ l.o ={'IN+ I 1 'tN+ l ｾ＠ o}. 
Now we will seek the interval RN+ I,L(.r) of admissible values o f 'I.V+ I defin ed by 

(3.3) R,v+u(.r) = {'IN+ l I ｾＧ ｎ Ｋ ｬＨ Ｚｺ ﾷＮｱ ｎＫ ｬＩ ｬＡ ﾷ ｊ ｜ Ｇ Ｋ ｬＨ Ａｊ ＮＧｦ ｎ Ｋ ｬＩ＠ ｾ＠ 1 }. 

where y = - .r j ( :z· + 1). It is obvious that 'IN+ l determined by (3.3) satisfy the 
Sch ulgasser relation (2.14) 

(3.4) 
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Of interest is the equalit y 

(3.5) y = -xj(:r + 1), 

i.e.: 

(3.6) +- - -- 1+- -- -- -1. (1 9JX 9NX CfN+JX) ( 9IY DN+IY fJN+ I !J) -
1 +···+ 1 + 1 1 +· ··+ 1 + 1 

The recurrence formula forS -continued fractions reported in [2, Chap. 4.2) yields 

(3.7) 

where AN(z) and BN(z) are polynomials determined by 

(3.8) 

(3.9) 

Ao = 1, 

JJo = 1, 

A; (z) = ; \j -I(.:) + Z!Jj l l j -2(.: ), 

IJ; (z) = Bj -I (z) + z.r;; U; -2 (::: ) , 

On the basis of (3.7), relation (3.6) takes the form 

(3.10) 

Here y = - xj (x + 1). Simple rearrangements of (3.10) yield 

(3.11) 

where 

j = 1,2, ... , N, 

j = 1,2, ... , N. 

(3.12) O'fV +I (x) = xy (;\ N-1 (.1:):\N- I(Y) - j] N-J(.r)IJ:V- I(y)) , 

(3.13) fJN + I(x ) = :t· [AN-I(:r):I N(Y) - flN- J( .J.: )DN(Y)] 

+ y ｛ａ ｎ ＨＺｾ Ｚ Ｉ ｴ ｬ ｎ Ｍ Ｑ＠ (y) - !]N(.r)flN- I (y)) , 
(3.14) OJV +J(.T) = r\ JV (.t )t \N(Y) - lJ,y(:t )/J,v (y) . 

The solutions of (3.11) are given by 

(3.15) 

1 fJN +J(.r) [ 
{/ JV +l(:!:)=- 2 (-) 1+ 

rl' N +I .l: 

11 ( ·) _ f] N+ I(.r) [1 fJN+l .1: - - -
2 fl'N + 1 (x) 

Ｔ ｯｎＫ ｉＨ Ｚｾﾷ ＩＸ ｎ Ｋ ｉＨﾷ ｲ Ｉ＠ l 
1 - 2 . 

f] i\' +I (.T ) 
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On account of (3.3) and (3.15) we have 

(i) if aN+ !(x ) ::; 0, then 

(3.16) RN+ I ,I(x) = {fJN+I I fJA' +I(:t ) :S: fJN+ I :S: q;V+ I(.T)} , 

(ii) if O'N+ I(x) ｾ＠ 0, then 

(3.17) 

According to definition (3.3), a class of bounds given by 

(3.18) 1/JN+ I(x , fJN+J) , 

satisfies the Schulgasser inequality (2.14). 

4. Inequality >-e(x ) j )q ｾ＠ !l (x ) 

Let us assume now that for fix ed x = (>.z/>. 1) - 1, the lower bound Jl (:r) o n 
the efTective modulus ,\e(:r) / >. 1 is known, 

(4.1) 

By using (3.1) we can write 

(4.2) V'N+ 1(x, fJN+1) ｾ＠ /l(.r). 

Of interest is the equality, cf. (2.1 0)2 and (2.14), 

(4.3) ·' ( . c ) - (1 [j ]X .rJNX CN+ J·?.:) - !I ( ·) v-'N+ l x , N+ l - + - - - .1: • 
1 + .. ·+ 1 + 1 

By applying recurrence formulae (3.8)-(3.9) to continued fraction ( 4.3), we ob-
tain 

(4.4) 

Hence 

(4.5) C ( 
·) _ !l (x )DN(.?.: ) - AN(.?.:) 

N + 1 .1: - ) ) . )] 
Ｚｾﾷ ｛ ｲｩ ｎＭ ｬＨ ｸ＠ - !l (x JJN- 1(.?.: 

Now we are in a position to introduce the interval RN+ 1,2(:z: ) of admissibl e values 
of qN + 1 given by 

(4.6) 
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On account of ( 4.5) and ( 4.6), R N+ 1 ,2(.x) takes a form 

(4.7) 

Note that, according to (4.6) and (4.7), a class of bounds determined by 

(4.8) 

satisfies the inequality ( 4.2). 

5. Bounds exploiting Schulgasser inequality 

Let us introduce an intetval RN+ 1(x) 

(5.1) 

where RN+ J,o, RN+I ,t(x ) and RN+2,2(:z: ) are defined by (3.2), (3.16)-(3.17) and 
( 4. 7), respectively. Note that the class of functions 

(5.2) 

satisfy the inequaliti es (2.14) and (4.1). For x - - 1 + the lower estimation of 
>- e(x ) is well known, cf. [4, 5, 6, 23] 

(5.3) 

For such a case it is convenient to introduce the notation 

(5.4) lim Q(.x) =: Q(- l +) :::: Q(- 1), 
ｸｾＭ ｊ Ｋ＠

consequently used in the sequel. Now we are ready to formulate the theorem 
solving the problem of incorporatio n of the Schulgasser inequality (2.14) into 
bounds (2.1 0) - (2.12). 

THEOREM 2. For macroscopically isotropic two-phase inhomogeneous m edia, the 
S-continued fractions (2.9) generated by power expansion (2.4) obey the following 
inequalities: 

(i) If x ｾ＠ 0 (x = (>-2/ >-t)- 1). then 

(5.5) 
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(ii) If - 1 :S x :S 0 (x = (>-.2/ )q)- 1), then 

).,,(x ) 
ＧＱＯｊｎ Ｈ Ｚ ｾＺＩ＠ ｾ＠ -)..-

1
- ｾ＠ ·t/JN +2(x, EN+ 1, If N+2), 

(5.6) . ! ( ) glx gN X 
<r'N :l: = 1 + - - , 

1 + . . . + 1 

Here the coefficients Jf N +2 and EN+ 1 are given by 

(5.7) 
H _ AN(- 1)- EN+ 1AN-1(-1) 

N +2 - AN(-1) ' 

(5.8) D N+I = max{qf.v +1(- l) , q;.(,+ 1(- J)} , 

If N+2X 

+ 1 

where qf.v+ 1(- 1). q;.(,+1( - 1) are determined hy (3.15). Relation (5.8)2 is a conse-
quence of (4.5) and (5.3). while N appearing in (5.5)- (5.8) denotes the number of 
known coefficients of power series (2.4 ). 

P r o o f. It follows from Appendix A that oN+ 1 ( - 1) ::; 0 and b N + 1 ( - 1) ｾ＠ 0. 
Thus the roots of (3.11) qf.v + 1 and ｲ［［ｾ＠ + 1 have opposite signs, cf. (3.15). On account 
of (5.1), (5.7) and (5.8), we get 

(5.9) 

Hence the class of bounds (5.2) takes a form 

(5.1 0) 
!J t :l: .fJN ·?: T:t: 

7/1N +t(X, T) = 1 + - .- -- , 
1+···+1+1 

0 ::; T ::; EN +l . 

The first derivative o f ·V1N + 1 (.1·, r) with respect to r satisfi es 

04'N+1 (x, r) > 0, fo r x E (0, oo) , 0 :S T :S ｦ ｾＧｎ Ｋ Ｑ＠ and N = 0, 2, ... , 
OT 

(5.11) 
O'tPN+ J(.r, r) 

< 0, for Ｚ ｾＺ＠ E (0, oo) , 0 ::; T ::; EN+1 and N = 1, 3, ... . 
OT 

H ence the continued fractio n ｖ ＧｎＫ Ｑ Ｈ Ｚ ｾＺＮｲ Ｉ＠ (.1: E (O,oo)) defi ned by (5.10) assumes 
its extremal values for 

(5.12) r =O and T = EN+I . 

By substituting (5.12) into (5.1 0) we obtain the formula (5.5). 
If -1 ::; x ::; 0, the inequaliti es (5.6) result from the relations: 

(5.13) 
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where 

(5.14) ·' ( c ) .tJIX 9 NX (/N + I·l: CN+2X 
'I-1N+2 X, ··N+2 = 1 + - - --

1 + ···+ 1 + 1 + 1 

(5.15) 
•1, ( E 11 ) _ 1 9 1X [}Nl: EN+ Ix l! N +2X 0 'f'N +2 X, -'N+ I• N+2 - + -1- - 1- 1 1 

+···+ + + 
Note that for D N + 1 2 C N + 11 the bounds determined by Th. 2 reduce to the 
existing ones defined by Th. 1, since the parameters CN + 1 given by (2.12) and 
(5.8)2 coincide, while If N +2 = 0. Hence the estimations (5.5)-(5.6) obtained 
in the present paper can no t be worse than the previous bounds (2.10)-(2.11) 
reported in lit erature [20). Moreover, for some cases they have to be better. In 
the next sectio n we demonstrate the analytical form of a low order bounds on 
>-e(x )/ >'I given by (5.5) and (5.6). 

6. Low order bounds on >-c 

To illu strate Th. 2 we will evaluate hounds on an eiTective dielectri c constant 
>-e(:c) for the cases, where (i) no coemcients (N = 0), (ii) o ne coelllcient (N = 
1) and (i ii ) two coefficients ( N = 2) of the power expansion of /\ c(:c )/ >. 1 are 
available. 

(i) The recurrence fo rmulae (3.8) and (3.9) give: 

(6.1) ;\_2 = 0, , \o = 1. 

Then relations (3.12)-(3.14) yield 

(6.2) o- 1 (.r ) = xy, 

Hence from (3.15), ( 4.5) we get 

(6.3) ' x + y 
ql = ---, 

xy 

1 
C'1 = -- . y = -:rj (.1· + 1). 

X 

For :r = - 1 + the equati ons (6.3) reduce to 

(6.4) 

From (5.7) and (5.8), it follows that 

(6.5) /·.\ = 1. 

Hence, on the basis of Th. 2 the bounds o n >- c are given by 

no = 1. 

(6.6) if - 1 ｾ＠ :r ｾ＠ 0; 
Ae 

1 + > > 1 if X >_ 0. .1:_At_' 
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(ii) N = 1. Then 

(6.7) Ao = 1, n0 = 1, 

(6.8) 
a2(x) = 0, fh (x ) = 2g1x y , 

02(x ) = !JJ X + !J IY + g?xy , y = -xj(x + 1), 

(6.9) I 
q2 = -00, 

For x = - 1 + we have 

(6.10) 
q2 = -oo, 

D - 1- 91 
2---

2 

C 
_ - (1 + .'JJX) 

2- . 

c2 = 1 - ql , 

1 
][ 3 = 2. 

X 

From (5.5), (5.6) and (6.10) we readil y obtain 

(6.11) 

(iii) N = 2. Now we have 

(6.12) 

(6.13) 

a3(x) = xy[(l + gl x)(1 + .'JJY) - 1], y = -xj (x + 1), 

fh (x ) = xg1[x + y + (IJJ + .rn)xy] + Y92[.1: + !J + (g, + .'12):q;], 

y = -xj(.1: + 1), 

(6.14) 03(x ) = g,x(l + !J2Y) + !J tY(1 + .r12:r) + 92!J21'!J, y = -xj(:J.: + 1). 

Thus for x = - 1 + 

(6.15) 
1 1 - !Jl - !J2 

q3 = 1 - !J l 

Hence 

(1 - !11 - .IJ2).1: 

1 + 91 X !J2X 1 - 91 

(6.16) 1 + 1 + 1 

1 
!JI X !J2X + - -
1 + 1 + 

(1 - !Jl - [)2 ) X 

1 

if - 1 ｾｸｾ ｏ Ｌ＠

Ae 9IX 92X < - < 1 + - - , if X >_ 0. 
- At - 1 + 1 

It is interesting to compare the low o rder bounds existing in literature (Th. 1) with 
the bounds incorporating the Schulgasser inequality (Th. 2). The basic bounds 
(6.6) are the same, the estimations (6.11) are more restrictive than the well 
known Wiener bounds (27] (Fig. 1 ), while the inequaliti es (6.16) coincide with 
Hashin- Shtrikman bounds reported in [14] . 
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10 

9 

8 'lj (X, C,) 

7 

6 

5 

'lj(x.§.!__---- --------------

F I G . 1. Existing(- ) and improved (- --)bounds on the effective dielectric constant of 
a face-centered lattice of spheres for volume fraction 'P2 = 0.71. Upper bounds t,J!N(x) 

(N = 1, 3,5) coincide, whi le lower ones l]iN+ i(r , C'N +i) and t,J!N+ i(r , F:N +I ) differ 
significantly for N = 1 and slightly for N = 3. 5. 

7. Even number of terms of a power expa ns ion of ,\e 

485 

In this section we will compare the known (2.10)-(2.11) and obtained (5.5)-
(5.6) bounds calculated from an even number (N = 0, 2, 4, ... ) of coeffi cients of 
power series (2.4). Th this end we prove that fo r :1: ｾ＠ - 1 +, thus y = -xj(x + 1) -

(N = 0 , 2, .. . ), the expressions (3.15) reduce via (3.12)-(3.14) to 

(7.1) lim 2nN+t(.r) :f 0, 
J'--1 

1 l' fJN+ l ｣ ｾﾷ Ｉ＠ ( 1 + qN+ l = tm - ---'----""--
x - - 1+ 2nN+l(:r ) 

(7.2) 
, _ 1. fJN+ l(x) ( 1 1 4(\'N+t(:r )bN+l(:r)) _ O 

qN+ l - lm - - - - . 
x-- 1 + 2o-N+ l (:r ) ＯＳｾ Ｋ ｬ＠ (.r) 

P roo f. The recurrence formulae (3.8) and (3.9) fo r S-continued fractio ns 
[2] and the Schulgasser inequali ty (3.4) yields 

AN (:r)tl .v (y) > 
1 

BN(.T)DN (.ll) - ' 

(7.3) AN(x)AN(.tJ) > 0, /JN(:c )IJN(!J ) > 0, 
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For even N, on the basis of (3.12), (3.14) and (7.3), we have 

(7.4) ( 
ｾ ｾ ＮｙＭ Ｑ＠ (.c), \N-1 (y) ) 

O:JV+I (x) = ｘｙｾｎ Ｈ ｸ Ｉ＠ = :ry /JN- i (x )IJN-I(IJ) ( ) ( ) - 1 f 0 , 
/JN- l .1" /JN- l Y 

( 
JJ,y (y)) 

f3 ( ) 1 ( )) 
ri N- J(x ) - /JN- J(.r)--(- ) 

lim N+ l X = - ;-\ N y r\ N y 
:r-- J+ 2oN+ I( :r ) y AN-l(.IJ) ( /JN- I(Y)) 

, \N- I(.t)- JJN- I(:r) ( ) 
1 \N- l Y 

(7.5) 

1 ( ri N(.c) - ｉｊ ｊ ｶ Ｈ ｸ Ｉｾ Ｎｖ ＭｉｾｙｾＩ＠+ _ r N - 1 .1J _ _ ; l ,v (- 1) 

X ( () ( )lJN- J(Y)) A N- I( - 1) ' 
, \N-1 X - IJN- l :!" ( ) 

rl N- 1 .lJ 

I
. O'N+ l(x ) bN+I(r ) 

1
. a:N+J (:t) 

1
. 8N+J(.T) 

un = tm tm 
x-- 1+ f3N+ J(:r) fJN+ I(.t ) x-- J+ f3N+ J(.1: ) 1'-- J+ f3N+ J(.1·) 

;-\ J\ ( - 1 ) I' h N + I ( J') = IITI 
ri N- 1(-1) ｾﾷＭ Ｍ ｊＫ＠ PN+ I (:r) 

(7.6) ｾ＠ ( ) 
1° N+l .1; I' tm = tm 

:r- - 1 + f]N +I (.1:) J'- - 1+ 

( , \s (:r) - ll .v (.r ) /Jv ((y)) ) 

ＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭ ｾｾ ＭＭＭＭＭＭＭＭ ｾ ｾ ｾ ﾷ ｾＢｾＮｉｊｾＭＭＭＭ ＭＭＭＭＭＭＭＭＭＭｾＭ ］ＰＮ＠

( 
/JN(.IJ)) y,\N- I(.IJ) ( /JN- I(Y)) 

x ri N- J(.T ) - /]N- !(.1: ) - (- ) + ( ) , \JV (.r) - IJ,v(.r) ( ) 
, \ N .lJ , \ N .lJ , \ N - 1 .lJ 

From (7.4) - (7.6), foll ow the relations (7.1) and (7.2). o 
For !1 (- 1) = 0 and even N ( .Y = 0, 2 .... ), the relation ( 4.5) coincides with 

(7.2)1• Hence inequaliti es (5.5) and (5.6) agree with (2.1 0) and (2.11 ). Conse-
quently for even N , the S-continued fraction method based on the Schulgasser 
inequality (2.14) does not provide better bounds than the approaches neglecti ng 
this inequality. Therefore an improvement of the existing bounds on /\ c(.r) can 
be expected for odd N (N = 1, 3 ... ) of coefficients of power expansion of..\, (.l') 
only. 

8. Regular arrays of spheres 

Now we are prepared to apply Th. 2 to regular lattices of spheres embedded 
in an infinit e matrix. By ..\0 ..\2 and /\ 1 we denote the dielectric constants of the 
composite, spheres and matrix, respectively. The first three coeflicients of the 
power expansion of (.Ac//\ 1) - 1 are as follows [4], cf. ('2.2), (2.4): 

(8.1) 
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where, as previously, x = (>..2/ >..1) - 1. Here r.p2, r..p1 deno te volume fractions of the 
spheres and matrix. On the basis of (2.6), 5'-continued fractions (2.9) associated 
with (8.1) are expressed by 

(8.2) [0/ 0] = 0, [1 / 0] = ｲＮＮｰ ｾ ｸＬ＠ [1 / 1] = r..p; x + Ｈ ＼Ｎ＿ Ｑ ｾ Ｓ Ｉ ＮｴＬ＠

where 

(8.3) !11 = <.?2 , !12 = <.?1. 

Hence from (6.6), (6.11) and (6.16) we have: 
(i) for N = 0 

(8.4) 
1 ｾ＠ >..e/ >.. 1 ｾ＠ 1 + x, 

1 ｾ＠ Ae/).. 1 ｾ＠ 1 + X, 

if /\2 ｾ＠ )q , 

if )..2 ｾ＠ A I ; 

(ii) for N = 1 

(8.5) 

(iii) for N = 2 

1 
<.?2X <.?JX/3 Ae 92·'1: <.?t·r/3 2.rj 3 

+ - -- >-> 1 + - -- --
1 + 1 >.. , 1 + 1 + 1 

(8.6) 
<.?2X r..p ,xj3 Ae <?21· <Pt·T/3 2.r/3 1+ - --< -> 1+ - - - --

1 + 1 - /\ 1 - 1 + 1 + 1 ' 

According to the results of Sec. 7 valid for even N , the bounds (8.4) and (8.6) 
agree with the existing bounds followin g from Th. 1, where (8.6) are Hash in -
Shtrikman bounds. Of interest is the case (8.5). For N = 1, from Th. 1 foll ow 
the well known Wiener bounds [27] 

(8.7) 
<.?2X <.? I X Ｏ ｜ ｾ＠ Y2·r 1+ - - < - < 1+ - . 

1 + 1 - AJ - I 

By compari ng (8.5) wi th (8.7) we conclude that incorporati on of the Schulgasser 
inequality (Th. 2) improves lower bound of WI ENER [27], while the upper one 
remains the same (Fig. 1 ). To determine bounds more exactly, further terms of 
the power expansion of /\(.r)/ /\ 1 are required. For simple, body-centered and 
face-centered, cubic lattices of spheres, McPHEDRAN and MILT ON [1 6] evaluated 
the coeffi cients of a power seri es expansion of -'e(a:)r \ 1, n = .1:j (:r + 2) at a: = 0, 
and gathered them in tables as discrete functi ons of r.p2. In [25] we derive a 
simple formula relating the terms of a power seri es of -'c(.r)/ /\ 1 to the terms of 
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Table 1. Low order coefficients C,, g, , CN +h E N+h If N+2 for evaluation of S -cont inued fr act ion 

bounds for the effect ive conducti vity of regular arrays of spheres. 

Arrays of 
n= 1 n=2 n=3 n=4 11 = 5 11 = 6 n=7 

spheres 

'P2 = 0.52 c, 0.52 0.0832 0.0248 0.0102 0.0050 0.0028 
Simple 9n 0.52 0.1600 0.1380 0.2420 0.1727 0.2579 
cubic Cn 1.00 0.4800 0.6667 0.7930 0.6949 0.7514 0.6568 

En 1.00 0.2400 0.6667 0.7427 0.6949 0.7473 0.6568 
If, 0.0000 0.5000 0.0000 0.0634 0.0000 0.0055 

'P2 = 0.67 Cn 0.67 0.0737 0.0155 0.0053 0.0025 0.0015 
ll ody- 9n 0.67 0.1100 0.1009 0.2761 0.2020 0.2566 

ccntcred c, 1.00 0.3300 0.6667 0.8486 0.6747 0.7006 0 .6337 
E, 1.00 0.1650 0.6667 0.8082 0.6747 0.6960 0.6337 
Hn 0.0000 0.5000 0.0000 0.0476 0.0000 0.0066 

'P2 = 0.71 Cn 0.71 0.0686 0.0147 0.0058 0.0030 0.0018 
Face- g, 0.71 0.0967 0.1171 0.3342 0.1221 0.3168 

ccntcrcd Cn 1.00 0.2900 0.6667 0.8244 0.5947 0.7947 0.6013 
En 1.00 0.1450 0.6667 0.7794 0.5947 0.7889 0.6013 
I!, 0.0000 0.5000 0.0000 0.0546 0.0000 0.0074 

the power expansio n of Ac(o:) jE1, n = :r j (:r + 2). Fro m the coefficients given 
in (16, Tabs. 6, 7, 8] we have calculated, by using the a lgorithm proposed by us 
in (25], the coefficients C n of power series (2.4). T he coefllcients .rJn, CN+ l and 
EN+ I gathered in Table 1 are evaluated by means of the numerical procedure 
proposed in (25]. Note that for even 11 (odd .V), the coefllcients E1, . + 1 ( n = N + 1) 
are small er than CN +l• whil e fo r odd 1t (even N) they take the same values. For 
face-centered cub ic arrays of spheres (fee) the existi ng bounds and the improved 
ones are presented in Tables 2 and 3. 

Table 2. Existing { 1/•N (;·) , ifJN +l (;·, CN+l ), Th. I} and improved 
{'if•N(.r ), V'N+z(.c , E N+t . 11 N+2) Th. 2} low order bounds on ^ＮＮ ＼ Ｈｾ ﾷ Ｉ ｪ Ｉ ｱ＠

for the fee lattice of spheres. 

tpz N X 'if'N (;·) ｾ Ｑ Ｑ｜Ｇ ＫＲＨ［ ﾷ Ｎ＠ EN+l , /JN + 2) C'N +i(J' , C N+d 

1 -05 0.6450 0.607011 0.584795 
0.71 3 -0.5 0.6258 0.624909 0.624863 

5 - 0.5 0.6255 0.625497 0.625497 

1 - 0.7 0.5030 0.411030 0.376512 
0.71 3 -0.7 0.4634 0.457736 0.457466 

5 -0.7 0.4621 0.461837 0.461835 

1 - 0.9 0.3610 0.162217 0.135318 
0.71 3 -0.9 0.2921 0.252278 0.250850 

5 - 0.9 0.2872 0.282345 0.282319 
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Table 3. Existing { r/JN (l·), ifJN +I(r.CN+I), Th. I} and improved 
{ r/JN (x ), WN+ I(£ , E N+d Th. 2} low order bounds on >..e(J·)j)q 

for the fee lattice of spheres. 

<,?2 N X t/.•N (r) 'ifJN+I(.c , }j'N+I ) 'V'N+t(x, CN+ t) 

1 50.0 36.500 5.303030 3.290323 
0.71 3 50.0 21.817 7.806020 7.768516 

5 50.0 13.861 8.872180 8.870695 

1 70.0 50.700 5.457399 3.333333 
0.71 3 70.0 29.629 8.206098 8.163556 

5 70.0 17.539 9.442256 9.440478 

1 90.0 64.900 5.548043 3.357934 
0.71 3 90.0 37.427 8.449407 8.403644 

5 90.0 21.133 9.796655 9.794679 

9. Concluding remarks 

489 

By starti ng from: (i) N coeffi cients of the power expansio n o f /\e(.c) at x = 0, 
(ii) - the analytical property /\ c( - 1) > 0, and (iii) - the Schulgasser inequality 
(2.14), an infinit e set o f upper and lower bounds o n the efTecti ve transport coeffi -
cient -Xe(:r) o f two-phase, isotropic composites have been establi shed (Theorem 2) 
and investi gated in detail. 

Wi th respect to the corresponding estimations reported in lit erature (Th. 1 ), 
the improvement has been obtained fo r the case o f lower bounds on Ｎｘ ･ Ｈ ＮｾＺＩ＠ con-
structed fro m an odd number N of coefficients o f a power expansion o f .Xc(:r), cf. 
Fig. 1, Tables 2 and 3. Fo r even N the incorporation o f the Schulgasser inequality 
(2.14) does no t provide bette r bounds in comparison to the approaches neglecting 
this inequality (7, 8, 22). 

As an example o f illu strati on of Theorem 2, the existing and improved bounds 
on the effective dielectric co nstant fo r regular, face-centered arrays of spheres 
have been evaluated and depic ted in Fig. 1, Tabs. 2 and 3. A signi ficant improve-
ment has been observed fo r V = 1. For V = 2 the di ffe rence between the bounds 
reported in the lit erature (20) and in the present paper is re latively small, while 
fo r N = 3 it is negli gible (Fig. 1 ). No te tha t the above conclusion is valid fo r a 
specia l geometry of two-phase composite, namely a regula r array o f spheres. For 
such a composite and fo r n = 4, 6, fro m Table 1 we have E11 /Cn ｾ＠ 1. Tn the 
case o f other geometrical structures, when the ratio /',11 / C, satisfi es fo r instance 
En/Cn < 0.5 (Tab. 1), it is possible to get much better improvement. 

Appendix A 

In this Appendix we demonstrate the lemma indispensable fo r incorporating 
the Schulgasser inequality (2.14) into the bounds on /\r . 
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L EMMA A.l. If a Stieltjes function 

I 

(A.1) Ac(:r ) = 1 + :J: j d1(11 ) 
.-\ 1 1 + :rn 

0 

satisfi es the relations 

(A .2) y = ＭＺ ｾＺ Ｏ Ｈ Ｑ＠ + .1:), .1: E (- 1,oo) , 

then Pade approximants AN(x)/ llN(.1: ) to .-\ ,.(.1:)/ .-\ 1 obey the inequaliti es 

(A.3) ｽ ｾ［ｧ ［ Ｉ＠ ｾ Ｚ Ｚ ｾ ｾ ｾ＠ ｾ＠ 1 ( N = 0, 1, 2 ... ), y = -x/(1 + .r), x E ( - 1, ) . 

Here AN(.T ) and BN(x) are polynomials determined by recurrence formulae 
(3.8)- (3.9). 

Proo f. The analyt ical properti es of tl .-v (.T)/ /h,·(:r) (.'V = 0, 1. 2 ... ) yi eld: 

(A .4) 

then 111 ＮｾＺ ｅ Ｈ Ｍ Ｑ Ｌ＠ ), 

where y = - :r f (x + 1). Hence of interest is the inequality (A.3) taken for :r -
- 1 + . On the basis of Theorem 1 we have: 

(i) if V is odd, then 

i \N(- 1+) .-\, (- 1+) 
----'----'------'- > ' 
JJN ( - J+) - AJ 

(A.5) 

(ii ) If N is even, then 

AN(- 1+) 

(A.6) 
fh r(- 1+) 

AN( ) 
fl N ( ｾ Ｉ＠

and if ｘｾ＠ 0. 

if - 1 ｾ＠ :r ｾ＠ 0, 

if ｘ ｾ＠ 0. 

According to Th. 1 and Th. 15.2 reported in [!), Pade approximants r\N(- 1+)/ 
BN(- 1+) and AN(oo)/ lh r(oo) (N = 0.2, ... ) are the hest hounds for Stieltjes 
function .-\, ( - 1 +)/ .-\ 1 and Ar( ｾ＠ )/ ,\1 with respect to a given number of coeffi cients 
of a power expansion of ,\c(.r)/ .-\ 1 at :r = 0. Hence the relations 

(A.7) 
ri N(-1 +) riN(oo) 

1 _....:....._----'- --'----'- > , 
1J N ( - l +) /Jr.,· ( ) -

N = (0. 2 .... ) 

have to be satisfi ed. From (A.4) - (A.7) one can easil y derive the inequalit y 
(A.3). 0 
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