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BRIEF NOTES

Some explicit formulae for heteroclinic solutions to scalar
second order ordinary differential equations

B. KAZMIERCZAK (WARSZAWA)

WE DERIVE some explicit formulae for heteroclinic pairs for scalar ordinary differential equations
of the form u" + vA(u)u' — su(u — a)(u — 1)(1 + ¢(u)) = 0, where A is an arbitrary polynomial
in ¢ and is properly chosen. The results are used in a simple model of plasma sustained by a laser
beam.

Problem

LET US CONSIDER the equation:
(1) u + v’ — su(u —a)(u—1) =0,

where / denotes differentiation with respect to £ € (—oo, ). If a € (0, 1), then
it is known (see e.g. [1]) that there exists a unique heteroclinic pair (v, u(§))
satisfying the conditions u(0) = 1/2, u(—oc) = 0 and u(ec) = 1. It has a very
simple form:

(3 w0n (e[ 51)

In many applications it seems that the coefficient multiplying »’ should not be
treated as a constant. On the other hand, one would like to have still at least
one solution in an explicit form. It is rather difficult to satisfy these two demands.
However, in this work we find a partial solution to these problems. First, we have
the following lemma:

-1

LemMmA 1. The function

-1
u(é) = (1 + exp l—\/: T:f]) .

where A 1= ca + b, B := 2b + ¢, satisfies the equation

u" + v(b+ cu)u’ — su(u —a)(u—1)=0

for v = —y/5(1 - 2a) (VAB) . o
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P ro o f. The claim of the lemma follows by straightforward calculation. O

REMARK 1. It is easy to note that in the case of equation of the form u” +
vu' + Luu' — su(u — a)(u — 1) = 0, a heteroclinic pair is the following one:

(v = —2M)'[LM + s(1 - 2q)], u(é) = (1 + exp [—%UL!])_I) ;

where M = L + VL? + 8s. 0

REMARK 2. If a function f(u) behaves qualitatively as —u(u—a)(u— 1), i.e. so
that f,(0) <0, f.(1) < 0 and A(u) is of one sign, the heteroclinic pair (v, u) for
the equation u” + vA(u)u’ + f(u) = 0 is uniquely determined. The proof follows,
for example, from the usual phase plane analysis (see e.g. [2]). o

In general, determination of an explicit heteroclinic solution for the equation
u" + vA(u)u' — su(u—a)(u—1) = 0 is rather difficult, even if A is in a polynomial
form. However, one can analyze an equation of the kind

(2) u" + vA(u)u' — su(u —a)(u — 1)1 + ¢(u)) =0

and try to find a term ¢(u) so that such an equation still has a solution of the form
(1 + exp[—c€])™" for a unique value of the constant v. Below, we will consider
two simple and important cases.

Case A. A(u) - arbitrary polynomial
Let

I
Aw) = b+ cu'.
i=1
Let / > 1 be natural,

I I
Ar:i=b+ Z(.‘,-u', Br=2b+ Zciu'_l.
1=1 i=1

Let b and ¢; be such that A; and By are positive. Then, the following lemma is
true:

LEMMA 2. Let

1 I-1
v=—5(1-2a) (\/ A1B ) and #(x) = (1 - 2a)B}! Z xiul,

=1
f -
Xj = Z a1
t=3+1

where
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Then, for any finite 7, the function

u(€) = (1+exp[—£\/§ A B! )_]

satisfies Eq. (2).
Proof. The claim of the lemma follows by straightforward calculation. O
By means of the above lemma one can check the following

CoRrOLLARY. Suppose thatb=0and ¢; =0 for: # (, (> 2.
Then, for

= _\/g(l — 2a)ccat and () = (1 - 2a)a " uS(a,u,( - 2),

the function
w(€) = (1+exp[-£V/as]) ™

satisfies Eq. (2). Here S(a, u, () denotes the symmetric polynomial of the variables
a and u of the order ((-2) for ¢ > 2, i.e.

=
S(a,u, ()= Z a*ul—2,
=

Thus, this time, ¢ is independent of . o

Case B. Au)=b+y(x +u)™!

Now, we assume that
v+ bla+x)#0 and (x+u)#0 for uwe(0,1).

Lemma 3. If

[s a+y 1 v(1-2a) -1
i 2 ( 2“)7 + ba + x) g o) 25+ bla+ \)(\ u)"

0=+ enl-5)"

satisfies Eq. (2). o

then the function

P roof. The claim of the lemma follows by straightforward calculation. O

http://rcin.org.pl
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By means of the above lemma one can check the following

CoroLLARY. Suppose that b = 0. Then, for

v=-[50-20@ 0t and o) = (- 205w+,

w©) = (1+ex [ﬂs\/ﬂ)_l

satisfies Eq. (2). If additionally y = 0, then ¢ is independent of A. However, this
time the source function

—su(u —a)(u—1) [1 4 {1 - 2“)51,;]

the function

does not tend to 0 for u — 0 (for a # 27'). Likewise, if x = —1, then

o(u) = %(1 —2a)(u — 1)7" and the source function does not tend to 0 for u — 1.
a

A simple application

Let us consider the plasma sustained by a laser beam. It can be described by
the equation (see [3, 4]):

3) oc, ((% + v«grad) T =div(kgradT) + F,
where 7' the temperature of the gas, p is the mass density, ¢, the heat capacity
per unit volume (under a constant pressure), k is the effective heat conductivity
coefficient and v is a velocity of the flowing gas. F' is a nonlinear source term and
(after rescaling 7') it can be qualitatively modeled by a cubic polynomial — ST (75—
TY1-T), T, € (0, 1). We are interested in temperature front solutions connecting
the two asymptotic states of gas: 1. Cold gas corresponding to 7" = 0 (about 300 K
before scaling), and 2. Hot gas (partially ionized plasma) corresponding to 7' = 1
(15000-20000 K before scaling). When the velocity of the cold incoming gas is
parallel to the direction of the laser beam, the problem has a cylindrical symmetry
with respect to this direction. Let us analyze Eq.(3) at the points lying on the
axis of symmetry. It is convenient to introduce a curvilinear system of coordinates
with base vectors parallel and perpendicular to the lines of constant temperature.
When we assume that (07 /dt) = 0, then at the axis of symmetry Eq. (3) becomes

(4) ocp|[VIIT¢ = k1(Te)* + k(Tee + w(x)Te) + F,

where x(z) is the curvature of an isotherm passing through the point z. This
curvature is nonzero due to the finite width of the laser beam. If we replace
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ocy||v|| and k (which, in general, depend on 7T') by suitable constants, then Eq. (4)
can be rewritten as:

(5) Tee— (a— n(@)™") Te + £ =0,

where f(T) = F(T)k™' = —=sT(Ty — T)(1 = T), s = Sk~!, and ¢ corresponds
to the mass speed of the gas. According to the experimental, numerical and
theoretical results [4, 5], the curvature can be qualitatively modeled as a function
of T in the following way: x(T)k~! = [Lg + T L], with appropriate positive L and
Ly. Now, using Remark 1 after Lemma 1 we can find ¢(Lg, L) for which there
exists a heteroclinic solution to Eq.(5) joining the states 0 and 1. Namely, we
have
g = QM) [LM + s(1 - 2a)] + Lo,

where

M=L+VI*+8 and u(f)= (1 + exp [—%wD_I.
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